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ABSTRACT OF THE DISSERTATION

Algorithmic modular curve Chabauty-Coleman without equations

by

Chris Xu

Doctor of Philosophy in Mathematics

University of California San Diego, 2026

Professor Kiran Kedlaya, Chair

On a modular curve of arbitrary congruence level, we introduce the notion of a “Makdisi
symbol”, a device that simultaneously gives a moduli-friendly coordinate system while also having
an elegant Hecke theory. Concretely, these are cuspidal projections of products of two weight 1
Eisenstein series, and their study was originally pioneered by the work of Kamal Khuri-Makdisi.
We show that a certain subclass of symbols, the “invertible Makdisi symbols”, yield precisely the
eigenforms of rank zero; combining this with the moduli interpretation, we obtain a systematic
and relatively efficient algorithm to determine the rational points on a modular curve, so long as

the curve has a rank zero eigenform. The algorithm is p-adic in nature, based on the method of
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Chabauty-Coleman, and does not require finding any equations for the curve.

X



Introduction

Let X /Q be a curve of genus at least 2. By Faltings’ theorem, X (Q) is finite. However, the
question of provably determining X (Q) remains highly open in the general case. Despite this, a
large class of curves can be tackled via the method of Chabauty and Coleman, which will be briefly

described in the sequel.

Definition 0.0.1. We say that X satisfies the Chabauty-Coleman condition if there exists a quotient
Jac(X) — A q of the Jacobian of X, such that the Mordell-Weil rank r of A(Q) is less than the

dimension d of A.

If the Chabauty-Coleman condition holds for X, then in theory the method of Chabauty and
Coleman will produce a finite set X(Q),); containing X (Q). In slightly more detail, p is a prime
of good reduction, and X(Q,); C X(Q,) comes from zeroes of p-adic path integrals of certain
annihilating differentials V < H°(X,Q").

In practice, it is hard to systematize the method to handle any sort of model thrown at it.
This is the reason why most implementations of Chabauty-Coleman stick to hyperelliptic curves.

The goal of this paper is to show that if X /Q is a classical modular curve, then surprisingly,
such a systematization is possible.

The GitHub repository that implements all of the algorithms below (minus the root-finding)

can be found at [75]



Chapter 1

Preliminaries on elliptic curves and their
moduli

In this section, we will introduce everything we need about elliptic curves, modular curves
and modular forms. Because different authors set up different conventions for modular curves, we

will give a thorough treatment of modular curves. To this end, we mostly follow [38].

1.1 Notation

Let Z denote the inverse limit @n Z/nZ, where the transition maps are precisely the
reduction maps Z/mnZ — Z /n’Z. There is an isomorphism A [I)<wZp. Let 6 := A denote

the finite adele ring 7.2y Q =11,<x(Qp,Zy). Let A := Aq denote the adele ring A := (A) x R.
Notation 1.1.1. If 4,7 is an algebraic group, then we will denote elements of & (A) by the following:
* Ifg€¥9(Q) — Y(A), we will just denote this as g.

* If p is a prime (finite or infinite), and g € ¥(Q),), then we will denote g(,) € ¥(A) to be

image of g under the inclusion 4 (Q,) — ¥ (A).

o If M is an integer and g € ¥(Z/MZ), then we will let g3y € %(Z) denote any lift of g under
the surjection % (Z) — 4 (Z/MZ).

Fix an integer N > 3.



1.2 Elliptic curves with full level structure

By an elliptic curve E — S, we mean a relative curve of genus 1 with smooth and geometri-
cally connected fibers, with a marked point 0: S — E; then the space E becomes a group scheme via
the usual slogan “three collinear points sum to zero” (the slogan holds at least affine-locally on S).
By a framing of E — S, we mean an fppf cover T — S and a homomorphism By : Z(N)? — E[N](T)
such that the set of images {By(a,b): (a,b) € Z(N)?} form a “full set of sections” in the sense of
[38]. (If N is invertible in O, then we can take T — S to be étale, and [y to be an isomorphism.)
Elements of Z(N)? can be identified as row vectors (a, b) with entries in Z(N), and as such, framings
can be identified as column vectors |4 ] with entries A, B in E[N](T'). We will call the pair (E g, o)
a framed elliptic curve, and often we will omit the 3.

By a level N structure on a framed elliptic curve (E g, By), we mean a matrix g := [¢ 5] €
GL;(N), or more precisely, the homomorphism f := fyog: Z(N)* — E[N)(T). If By := [4] is the
framing of E, then f can be identified with [? 3] [g} = [?ﬁisg] . In this way, there is a natural left
action of GL,(N) on the level N structures of E, given by left multiplication of matrices. So the
data of a framed elliptic curve with level structure is the tuple ((E/g,Bo),g). We also say that the
level structure is defined over T. If g is the identity matrix, then we may sometimes simply write
(E/s.Po)-

Because HY(E,Q!) is 1-dimensional (this is the definition of “genus 1), there is an ambi-
guity in choice of @ € H(E,Q!), up to scaling by G,,. Sometimes we will rigidify ((E 15,B0),8)
further by making such a choice of . So the data of a framed elliptic curve with level structure and
invariant differential is the tuple ((E/s, o), ®, g)-

Now, suppose 7 is an étale cover of S for which the framing 3y is defined. If N is invertible in
O, then there is a natural action of 7’ (S) on E[N](T); the framing By then yields the mod N Galois
representation pgn: 7 (S) — GLo(N). Concretely, for o € n'(S), we get an automorphism

o|r: T — T, and then pg y(0) € GL(N) is defined as the unique matrix satisfying pg n(0) - Bo =



(o)« o Bo, the composition of By with (o|r).: E[N|(T) — E[N|(T).
We recall the Weil pairing: it is a bilinear map of group schemes ey : E[N] X E[N]| — uy. If

E ¢ is a complex elliptic curve given by the quotient C/(TZ +Z), Im(t) > 0, then we have

(aT+b ct+d
eN

NN )zexp(27ri(ad—bc)/N).

1.3 Modular curves of full level

Fix a positive integer N. The scheme Y (N) /z parametrizes elliptic curves with full level N
structure, and there is a canonical compactification X (N) sz obtained by “normalizing at the cusps”.
If N > 3 then these schemes are fine moduli spaces. In addition, we may identify Y (N)(C) (resp.
X(N)(C)) with a disjoint union of copies of the “classical” curve I'(N)\H (resp. I'(N)\H"), or
even an adelic double quotient. Let us go into detail below.

We define Y (N) 7 to be the moduli functor sending a scheme S to the set
Y(N)(S):={(E,B): E/S, B level N structure}/ ~,

where we define the equivalence relation ~ by letting (E, B) ~ (E’, B’) if there is an S-isomorphism
f: E — E’ such that B’ = f o 8. By [38, Corollary 4.7.1], the functor Y (N) is representable by an
affine scheme over Z, whose geometric fibers are smooth everywhere except for the supersingular
locus for primes p dividing N. In particular, Y (N) is normal.

We compactify Y (N) into X (N) by “completing” along the cusps, described as follows. Re-
call that the coarse moduli functor Y (1) 7 classifies elliptic curves and is isomorphic to Spec(Z[]),
where j is the j-invariant; we may embed Y (1) inside of X (1) = P}, by gluing with Spec(Z[1/]).
Then, X(N) 71 /n] is defined as the normalization of X (1) <~ Y (1) inside of Y (N) along the map
Y(N) — Y (1); it follows that X (N) is proper as well.

The local ring around j = o in X (1) is isomorphic to Z[[g]]; there is a distinguished elliptic



curve Tate(q) /z((q)) called the Tate curve, such that the structure morphism Spec(Z((g))) — X(1)
factors through the above Spec(Z[[g]]). The Tate curve is isomorphic to the algebraic group G,,/¢%,
and as a result, after adjoining {y and gy := ql/ N to the base, we may identify the level N structures
on Tate(g) with the left GL,(N)-translates of the level structure [Zx] .Because Y(1) — X(1) isa
compactification witnessed in the valuative criterion for properness by the inclusion Spec(Z((gq))) —
Spec(Z[[q]]), we may represent points of the cuspidal subscheme X(N)* := X(N) —Y(N) by
specifying a suitable level N structure on Tate(g); the actual “point” will correspond to the evaluation
at ¢ = 0. This perspective will be useful when we come to modular forms.

Let us give a detailed description of the complex points of Y(N) and X (N). Let H* :=
HUP!(Q) denote the extended upper half plane, endowed with the holomorphic structure as per
[28, Section 2]. There is a natural action of GL; (R) on H and a natural action of SL>(Z) on P'(Q).

Their respective actions are given by

a b T__a'r—l—b
¢ d et +d

a b
x:y]i=lax+ by : ex+dy).
c d
If T'(N) denotes the subgroup of SL;(Z) consisting of matrices reducing to the identity mod-
ulo N, then the complex analytification Y (N)(C)%" (resp. X(N)(C)*") of Y(N) (resp. X(N)) is
biholomorphic to

|_| ['(N)\H resp. |_| ['(N)\H".

deZ(N)* deZ(N)*
This is a disconnected space whose components are distinguished by the value of the Weil pairing
ey considered as a global section of the structure sheaf: on the component d € Z(N)*, the Weil

pairing is the constant function exp(2mid /N). Moreover, the identification of X (N)(C) with the



extended upper half-plane quotient respects the natural left action of GL,(N): letting (d,T) denote

the element T € H* on the component d € Z(N)*, the identification is given by

<C/(ZT+Z), [;jﬂ) = (d,7)

(Tate(q), [Z%D = (d,[1:0]),

and the left action of GL,(N) on the upper half-plane quotient is given simply by transporting over
the left multiplication on the level structure. In particular, the cusps of X(N) are given by pairs
(d,]a:b]) € Z(N)* x P (Z/NZ), as we may verify that T'(N)\P!(Q) — P!(Z/NZ): for a point in
P!(Q), take a representative [a : b] such that gcd(a,b) = 1, and then reduce the coordinates modulo
N.

Finally, let us mention the adelic perspective on the complex points of Y (N) and X (N). Let

~ ~

K(N) < GL;y(Z) denote the subgroup of matrices in GL;(Z) congruent to 1 modulo N.

Notation 1.3.1. Suppose B is an object that acts on the right on object A, and on the left on object
C. We may form the fiber product A x g C given by elements (a,c) € A x C, modulo the equivalence

relations (a,bc) ~ (ab,c) for any b € B.

~

For any compact open subgroup K= < GL,(Z), define the double coset spaces

Sh(K*) := GL,(Q)\ GL,(A) /K>

Shy (K™) := R, GL,(Q)\ GL,(A) /O(2)K™.

~

(Note that GL,(A) = GL,(Q) x GL,(R). In these definitions, GL,(Q) acts on the left via the
diagonal embedding Q < A, while K* acts only the finite component GL2((A)), while O(2) acts
only on GL,(R).) We will represent elements of Sh(K*) as tuples (g¢,8w) € GL,(Q) x GL; (R)
(note that GLJ (R) is OK, because the action of GL,(Q) allows us to transfer the matrix [} % | from

the infinite to the finite places). We will represent elements of Shy (K*) either as tuples (g, g-)



as before, or as tuples (g7, T) € GLz(Q) x H; the matrix go := [ %] € GL; (R) will correspond to

the element T := ‘”“’ . (Note that RZ,SO(2) preserves i € H when acting on the left.)
Proposition 1.3.2. The following hold:

1. The double quotient Sh(K (N)) parametrizes isomorphism classes of triples (E ¢, @, B) where
E is an elliptic curve over C, @ is a holomorphic differential on E, and B is a level N structure

onE.

2. The double quotient Shx (K(N)) parametrizes isomorphism classes of pairs (Ec, ), where

E and B are as above. In particular Shx (K(N)) is precisely Y (N)(C).

3. The left action of GL,(N) on the level structure B corresponds to the left action of GLQ(Z)
on the finite component of Sh(K(N)) or Shx (K(N)).

Proof. First, we note the isomoprhisms

Sh(K™) = GLa(Q)\ GLa(A) /K™ > K=\ GLa(Q) X g.5q) GL3 (R)

Shy (K™) = R%(GL2(Q)\ GL2(A)/0(2)K™ == K=\ GL(Q) X5 () H.

The first isomorphism identifies the class of (g ¢, ge.) € GL,(Q) x GL(R) with (ngl ,g) € GLy(Q) x
GL; (R), again possibly after moving [} % ] from the infinite to the finite place; the second isomor-
phism is similar, but identifying g = [¢ 4] € GL] (R) with [%}] € H.

Let 6, := 10 y for short. By strong approximation, we have the decompositions
y g app Y

GL,(Q = || kK@W)o,GL](Q)
deZ(N)*

GL; (Q)= || SLy(Z)diag(dy,d>)SL(Z).
dy,d2€Q
d|dy



For any element in x € Sh(K(N)) represented by (g,8) € GL,(Q) x GL; (R), we may use
these decompositions to find a different representative of x of the form (o,,g.,), where g/, €
GL; (R) and n € Z(N)*. There is a biholomorphism GL} (R) — C* x H given by sending

[¢5] to (j(g,i),7) == (ci+d, ?l’jr'g) The data associated to x is therefore the tuple (E,,) =

<C/(TZ+Z),j(g,i) dz, [[n—Tl/],];’/N} ) For the case of Shy(K(N)), it is similar, except that @ is

omitted.

~

The left action of GL;(Z) factors through GL;(N), because Shy (K(N)) and Sh(K(N)) are
right K(N)-orbits, and because K(N) is normal in GL,(Z) (it is the kernel of the reduction mod N

map). 0
1.4 Modular curves of arbitrary level

For a subgroup G of GL,(N), we may form coarse quotients Y; := G\Y(N) and X :=

G\X(N). The scheme X can also be characterized by the normalization of X (1) in Y:

X(1) «— Y(1)

Concretely, we may describe Y as follows.
Proposition 1.4.1. Suppose Sz, /n is a scheme where at least one of the following holds:

* The integer 6 is invertible on S.
* S is the spectrum of a finite field.

* For p|gcd(6,N), the base change Sz, , is flat over Spec(Z,)).

Then, the set Yg(S) is in bijection with with the subset of

{U(E), [Ggug]) € Os x G\GL2(N)/1g: E/s framed elliptic curve}



such that for all o € w¢' (S), we have Gy = Ggpe n(0)Ug. In other words, im(pg n) C g~ 'Gglip.
Here, | is the group of automorphisms of E that are defined on some étale cover T — S, the

“geometric” automorphism group of E.

Proof. By [38, Prop 8.1.6(3)], the following is valid for schemes Sz, /5 on which either 6 is
invertible, or which is flat after base change to Sz(p> for p|ged(6,N): giving an S-point of X is the
same as giving a diagram

P xwy

S/
S

where §’ is a G-torsor, and where f: S — X (N) is G-equivariant. (Also, this characterization is
valid when § is the spectrum of a finite field, because the coarse base change map is a universal
homeomorphism on the special fibers.) Let us spell out this characterization in detail. By a
G-torsor S’ — S, we mean an identification p: Gal(S'/S) — G; by a G-equivariant map g :=

((E/ssBo),g): ' — X(N), we mean that for all ¥ € G, the diagram

g p(y) g

ol

X(N) —— X(N)

commutes. Comparing the bottom and top transversals of the diagram, we obtain the following:
for all y € G, there exists an automorphism of Eg, whose restriction to E[N] is represented by
ay € GLy(N), such that y-g = g-p(7) -ay. This is seen to be equivalent to the condition of the

equality of double cosets Gglty = Ggpe n(0) Ly for all o € 7 (S). N

Let us use this definition to describe the cusps of X. Let e be the Z[1 /N, {y]-valued section

of



represented by the framed elliptic curve

E = (Tate(q), [Zﬂ) :

The group ft; is isomorphic to U(N) := £ ([} 1]): the matrix [} ]] simply replaces gy with a

different choice of N-th root of ¢, and £/ is always in the automorphism group. The mod N Galois
representation pg v has image { [} %]}, because the Galois action factors through the action on the
N-th roots of unity. Hence, rational points on X7 := X; — Y are in bijection with the subset of

double cosets GgU (N) such that for all d € Z(N)*, we have GgU (N) = Ggo,U (N).

Definition 1.4.2. The width of a cusp g - oo is the smallest positive integer w such that the right coset
Gg is stabilized by the right action of [(1) ﬂ . The cusp orbit of g - is the set of cusps associated to

the double cosets {Ggo,U (N)} ez v+

Let us now briefly describe the classical and adelic perspectives. Adelically, we may take

~

the inverse image K < GL;(Z) of G < GL,(N) under the mod N reduction map, and then Y (C)

is identified with Shy (K ); classically, the complex points of Y are given by

Yo(C)=G\| || TW)\H|;
deZ(N)*

the compactified quotient X is given similarly, by replacing H with H*.

1.5 Generalities on modular forms

Modular forms are defined to be global sections of tensor powers of the tautological line
bundle over the (compactified) modular curve. If the curve X is not a fine moduli scheme, then we
may still recover a satisfactory definition by considering G-invariant sections on X (N), although

passing to G-invariants does not always commute with base change.

10



On Y (N), there is the universal elliptic curve 7: &(N) — Y(N). As such, the relative sheaf
of Kahler differentials 7, Q;m( N)/Y(N) is a line bundle, and we can extend this to a line bundle @ on
X (N) by stipulating that, for a section f on a neighborhood of a cusp, with the cusp represented
by (Tate(q), B), the evaluation f(Tate(g),3) is a power series in ¢ with no negative exponents of
g. A weight k modular form on X (N) defined over a ring R is then an element of H*(X (N)g, ©®%).
Letting C denote the cuspidal divisor, a weight k cusp form on X(N) over R is an element of

HO(X(N)g, @®*(—C)), the modular forms that vanish on all cusps.

Remark 1.5.1. There is the following well-known characterization due to Katz. For a weight k
modular form f on X (N), then on a point (E /g, B) € X (N)(R), we may fix a holomorphic differential
o € H(E,Q') and write f as f(E, ®,8) ®*. There is a G,,’s worth of ambiguity in our choice of
o, so if we want f(E,®,B) of = f(E,Ao,B)(A®)* for all A € R, we had better have f(E,®,[)
satisfy the property

f(E.20,B) = A" f(E,0,B)

for all A € R*. Namely, we recover the definition of a modular form found in [37].

There is a natural right action of GL,(N) on the space of modular forms, defined in the
natural way: for a weight k modular form on X (N), we define f |y g by (f |x g)(E,®,B) :=
f(E,o,g-B). Then, a weight k modular form on X is defined to be a weight k modular form f
on X (N) that is invariant under the right action of G < GL,(N). We denoted the space of weight
k modular forms on X defined over the ring R as My (X, R), and the subspace of cusp forms as
Sk(Xg, R).

Sometimes, we may access a modular form via its g-expansion.

Definition 1.5.2. Let f be a weight kK modular form on X (N), and let g € GL,(N). The g-expansion
of f at the cusp g - oo is the value of f on the tuple <Tate(q),dt/t,g- [Zﬂ ) Here, ¢ is the local

parameter induced by the canonical isomorphism G,, — Spec(Z][t,t~']), when Tate(q) is identified

with G,,/¢%. The definition of g-expansion is similar if X (N) is replaced by Xg.

11



Remark 1.5.3. Let us be slightly more precise. If w > 0 is the width of a cusp ¢ := g - o of X,

then a modular form f on X will enjoy w different g-expansions “at” the cusp c, as

[}

(f lk8)(q) = ianqﬁ implies  (f kg [§1])(9) = Y anl}V gy

—= n=0

This same computation also shows that the g-expansion of f at a cusp with width w will have a

power series expansion in terms of g,,.
We have the following theorem, known as the g-expansion principle.

Theorem 1.5.4. Let R be a ring containing all N-th roots of unity, and let R’ be a flat R-algebra.
Suppose f is a modular form on X¢ defined over R' such that for all g € GL,(N), the g-expansion of
f at g-oolies in R[Cn[[gn]]- Then f descends to a modular form on X (N)g, and for all g € GL,(N),

the g-expansion of f at g lies in Z[Cx][[gn]] @ R.

Let us now describe the classical and adelic perspectives on modular forms. Classically,
if f: H* — Cis a function, then, for k a nonnegative integer, there is a right “weight £ action of
GL; (R) on f, given by

(Fn)(0) = det()* (v, 1) £ ()

where

j([¢5],7) :=ct+d.

A weight k modular form with respect to a subgroup I" < SL,(Z) is then defined to be a holomorphic
function f: H* — C, of moderate growth at the cusps (i.e. polynomial growth with respect to

the parameter ¢!

as ¢ approaches 0), such that for all y € I', we have |y = f. (The exponent
k—11in det(}/)k_1 does not affect the definition; it is there to ensure that, for eigenfunctions of the
Hecke algebra, the eigenvalue of the 7, operator matches with the p-th Fourier coefficient.) The

g-expansion of f at co can be obtained by expanding out f as a power series with respect to the

12



variable gy = exp(2mit/N). On the other hand, evaluation on the upper half-plane can be descrbed

as evaluating on the corresponding elliptic curve: for T € H, we have

Fl)=f (C/(Z+TZ),dz, Wﬂ) .

We may use the uniformization of X (N)(C) by H* to characterize a weight k modular form on
X(N) over C to be a tuple of functions f := (f4)4ecz(n)+» €ach of which are weight k modular forms
with respect to I'(V). Transferring over the action of GL(N) from the moduli description, we see
that the right action of SL,(N) is given by acting on each f; by SL,(Z), while for n € Z(N)* and
on = [0 9]y we see that f [ 6, = (fan)acz(v)*-

Let us describe the Q-structure on M (X (N),C). By the g-expansion principle, the space of
modular forms My (X (N),Q(&n)) can be characterized as tuples of functions (fy) zezv)+ such that
each f,; has g-expansion lying in Q({y)[[¢gn]]. The Weil pairing then gives a choice of {y: simply let
{n be the value of the Weil pairing on the d = 1 component of X (N)(C). The Galois action on the
base, Spec(Q(&y)), yields via pullback an action of Gal(Q(Cy)/Q) on M (X (N),Q(&y)) given by
sending the element {y +— ¢ to the element 6, € GL,(N). It follows that elements of My (X (N), Q)
can be described as modular forms for I'(V) whose g-expansion coefficients all lie in Q({y); such
an element f = Y,~0anq/y then yields a modular form for X (N) given by (¥,,>0 0u(an)q}y) JEZ(N)
This description, combined with the g-expansion principle, allows us to describe the notion of a
modular form defined over an arbitrary ring, in terms of its g-expansion coefficients.

There is a relationship between modular forms of weight 2 on X(N) and holomorphic

differentials on X (N). To be precise, we have the following result:

Proposition 1.5.5 (Kodaira-Spencer isomorphism). Let D denote the cuspidal divisor of X(N).
Over Z[1/N], we have an isomorphism of line bundles KS: ®%? — Q)lf(N) (D), given on global

sections as follows: for f a weight 2 modular form, we have KS(f) = f (q)%q =2mif(z)dz.

Finally, let us briefly note the adelic perspective on modular forms. To a classical mod-

13



ular form f := (fy)aezv): € Mr(X(N),C), we define its adelization ¢r: Sh(K(N)) — C by the

following: for each 6, := [} Y], and for each g.. € GL] (R), the function ¢ is characterized by

N

the formula

07 (04, 8e0) 1= (fy-1 |k 8) (i) - det(gea)**.

(Similarly to before, the exponent 2 — k of the determinant can be replaced by an arbitrary nonzero
complex number, but is chosen simply so that the Hecke eigenvalues match up with the Hecke

eigenvalues of the classical modular form.)

1.6 Hecke and diamond operators

If p is a prime not dividing the level N of X (N), then the Hecke operator 7, can be defined
on any quotient X of X (N), and Hecke operators will commute with X (N) — X5. We will in fact
see that because X (N) is geometrically disconnected over Q, the true definition does not always
agree with operator one gets by naively extrapolating from the cases Xo(N) or X; (N) (although in
those cases the true and “naive” definitions will agree). We will define various diamond operators
as well.

We recall the Hecke correspondence.

Notation 1.6.1. For N a positive integer, let Ko(N) < GLy(N) denote the subgroup of upper
triangular matrices; then it is well known that the corresponding modular curve Xy(N) is the coarse
moduli space parametrizing pairs (E,C), where E is an elliptic curve and C < E[N] is a cyclic

subgroup scheme (flat over the base) of order N.

The Hecke correspondence is defined to be the diagram

X(N) <5 X(N) xx1)Xo(p) —— X(N)

where pr; is projection onto X (N), and where 7 is given on points by n(E,3,C) = (E/C,mcof3)

14



(here mc: E — E/C is the “mod C” isogeny). The Hecke operator 7, is then defined on points as
(Tp)« == .o (pry)*, and on sections as T, := (pry )« o "

We also recall various diamond operators.
Notation 1.6.2. For integers d coprime to N:
* Define o, := [(1) S]N.

* Define (d) := [dal S}N.

* Define [d] := [§ 9],

The first goal is to re-express the Hecke operator 7}, in more concrete terms.

Notation 1.6.3. Define A, := A, | to be the formal sum of representatives for the right coset space

[(N)\I'(N) [6’ ?] ['(N). Define A, > to be the formal sum of representatives for the right coset space

T(N\T(N) [§ 2} I'(N). So, for instance, if f is a weight k modular form on X (N), then notate

FlkeAp for X crivnran K ?]r(zv)f i 0

Proposition 1.6.4. Let f be a modular form on X(N), and let ¢y be its adelization. Let o €

Maty,»(Z) be any integer matrix of determinant p, and recall that Op) denotes the element of

~

GL,(Q) that is o at the component p and trivial everywhere else.

* The adelization of T, f is precisely

(0 [ [KIN) o) K(N)])(818) := ) Or(8f -7 8e0)-

. WehaveTpf:f\kAp ’ka:f|kAp,2

0
k [15 JN'
We observe that the choice of o does not matter, because GL2(Z),) 0, GL2(Z,)) yields

precisely the p-adically integral matrices of determinant p by the Cartan decomposition for p-adic

groups.
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Proof. Let us prove the second item first. Suppose f lies in My (X (N),C), so that f is represented

by modular forms { fy}4cz(v)- on [(NV)\H. Let ¢ be the adelization of f:

o1 (1 1y182) = U o)) (7

Then, take o¢ = [1 0}, so that K(N)a(

0p K(N) = U(y;«),K>, where the ¥; are left coset representa-

p)

tives for the space SL,(Z)/I'o(p); for example, one can take the 7 to be the p+ 1 elements (with

entries in F))
{03080 LA )

Since p 1 N, we may take lifts of these elements to SL;(Z) such that, they all reduce to the identity

modulo N. Thus, we have

p
‘Pf([(l) dgl]Nagw)'TP = ;)‘Pf([(l) dQI}N(%a)(p)ag‘”)
)4

=Y ¢7((re iy g

i=0

P
=29 o (' Lo 471y @7 )

= Yorsp ], [3,0] 7 e)
)

(fap Ik {(1) pgl] ¥ Ik ge) (x/—_1> det(p~'g.) >k

1

- g fap e 159777 e g=) (V=T) ()2 det(p ! g

0

which is precisely the adelization of the modular form f := (fy) dez(N)-> Where

7oL V) 0
Ja=Trr () Gap e [51])
taking note of the fact that the ¥, "' now form right coset representatives for (I(N) N To(p))\L'(N).

16



But now this is just

fa=faleop [k [CWN) [59]T(NV));

thus 7}, f = F=rl Op [k Ap. Also, A, and 6, commute with each other because the former is
supported on the archimedean place while the latter is supported at the mod N place. The equality
of T, f with f [ Ap2 |k [{)’ (1)]  Proceeds in a completely similar fashion. This completes the proof
of the second item.

For the first item, observe that during the computation, we saw that ([(1) d91 } N goo> gets

mapped to the set { ( [(1) p*lodfl]Nv [(1) p91} Y,-_lgoo) }Ogigp. If }/i_lgoo corresponds to the complex
elliptic curve C/(@;Z + w,Z), then this mapping is taking (C/(a)ll + anZ), [af;lé%\,] > to

_].
(crr oz om0 )

which corresponds precisely to the operation of taking an isogeny of degree p, for each cyclic

subgroup of order p. Therefore, pullback by 7}, corresponds to the double coset K(N)o,) K(N),

p)

and the first item follows. ]

As a result of the computation above, we learn that the operator 7), satisfies some other very

nice properties.
Corollary 1.6.5. We have the following:

~

* For an inclusion of open subgroups n: K| — K> of GLy(Z), where the levels of the K; are both
coprime to p, we have T, o T = 1 o T),, where by abuse of notation we also let w: Xk, — Xk,

be the corresponding map on modular curves.
e For different primes p| and p;, we have T, T,,, = Ty, T),.

* On Shx(K(N)), the operator T, commutes with the natural right action of GL(N).
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Proof. 1t suffices to prove each equality on a dense open subset of the modular curve, so we may
as well work with the complex points. Then, the equalities are all true for the reason that, in the
computations in the above proposition, matrices at different components of (Al can be “moved past”
each other; for example, the first and third items are true because the component at p does not

interact with the component at N, and the second item is true because the component at p; does not

interact with the component at p;. 0

1.7 The Petersson inner product

Definition 1.7.1. There is a bilinear pairing on modular forms (, )y : Sx(Xg) x Mx(Xg) — C, the

Petersson inner product, given by

1

V8% = L 1 6]

/ F(2)g@y 2 dxdy,
X5(C)

where we identify X(C) with G\ (leeZ( Ny (N )\H*) as before.

The term ensures that the Petersson inner product is independent of replacing X

1
[GL,(N):G]
with a cover X for G’ < G.

Proposition 1.7.2. Under the Petersson inner product, the adjoint of T, is T, (p); since this visibly
commutes with T, it follows that T, is diagonalizable, and the space Sy(X(N),C) decomposes
as a direct sum of “Hecke eigensystems” Si(X(N),C)[m]|, orthogonal to each other under the
Petersson inner product. (Concretely, a Hecke eigensystem is a maximal ideal m of the subring
T := C[{T} pn] of C-linear endomorphisms of Si(X(N),C).) Each Hecke eigensystem is also

stable by the right action of GLy(N).
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Proof. Let f € Sy and g € M be modular forms represented by (f;)s and (g4)q. Then

(Tof 8)xwy= L / m[‘o ) (ap e [57]) (1)ga(0)y* 2 dxdy

deZ(N

- L / N)To(p Pk o (p)ga(t)y* 2 dxdy.

deZ(N

-1

Making the substitutions d — dp~" and T — T/p, we obtain that this integral equals

2 e o eay TP 2y

deZ(N

which further simplifies to

Z / %mro(p)(gdpfl lk [(1)2])(T)yk*2dxdy,

deZ(N

but this is precisely (f,g [x Op [k A 72>X(N). Since A, > =T, [1’0 X

]N, it follows that 6,A, » equals

T, (p). Thus we get
<Tpf>g>X(N) = <f7 Tp <p> g>X(N)

completing the proof. 0

19



Chapter 2

Eichler-Shimura for geometrically discon-
nected modular curves

The purpose of this section is to verify that for a Hecke eigensystem m, the isogeny quotient
associated to the m-isotypic component H%(Xg, Q!)[m] is the “expected” abelian variety (recall
that Proposition 1.5.5 allows us to identify holomorphic differentials with weight 2 cusp forms.)
The appendix [27] does this for I'j (N), and [65] or [66] work only with geometrically connected
modular curves. Since [65] is hard to translate into today’s language, I figured I would give a proof

myself. We prove the following:

Theorem 2.0.1. Let m be a Hecke eigensystem such that H*(Xg, Q') [m] # 0, and suppose that m
is associated to a newform orbit [f] € Sr(I'1 (M))"", with corresponding abelian variety Ay. Then

the quotient abelian variety Jg/mJg is a product of copies of Ay. Moreover, M must divide N2

The section is organized as follows. First, we will review the Lie group-Lie algebra
correspondence for Jacobians of curves, as well as classical Hecke theory. Next, we will give the

initial reductions. Afterwards, we will use an Eichler-Shimura relation to finish off.
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2.1 Setup and definitions
2.1.1 Review of Jacobians

Let X /Q be a smooth projective curve of positive genus g. The Jacobian J := Pic®(X) of X,
is the abelian variety over Q parametrizing precisely the degree O line bundles on X. If D C X is an
effective divisor of degree d, defined over Q, then we may define an Abel-Jacobi map Alp: X —J
given on points by x — [d -x — D]. The cotangent space Lie(J)" can be identified with H’(X, Q")
by pulling back an invariant differential on J along AJp. The ring Endg(J) of endomorphisms of J
(defined over Q) acts on both J and H%(X,Q'), and if m is a two-sided ideal of Endq(J), then we
may identify H°(X,Q!)[m] as the cotangent space of J/mJ. This gives a correspondence between
m-isotypic components of H°(X, Q') and m-isotypic components of J (up to isogeny). We will call
J /mJ the isogeny quotient associated to H°(X,Q")[m].

The Abel-Jacobi map induces an isomorphism JV 22 J, where JV is the dual abelian variety
parametrizing line bundles on J. For any correspondence r on X, there are pushforward and
pullback endomorphisms 7, and r* of J. They are dual to each other: if d is the degree of r, then

r«or* =r*or, = [d] (multiplication by d), as elements of Endg(J).

2.1.2 Hecke theory

Let T denote the subring of Endq (/i) generated by 7),, for all p { N. By a Hecke eigensys-
tem m, we mean the intersection of a maximal ideal m¢ < T ® C with Tg. It is known that, for
G = K| (N), each Hecke eigensystem m of T (/) can be uniquely associated to a Galois orbit of
weight 2 newforms [f] € S» ('} (M))"", for some M dividing N. Moreover, the m-isotypic compo-
nent of Ji(N) decomposes into a product of copies of Ay :=J;1(M)/mJ;(M). The number of copies
is precisely the number of divisors of N/M, and the copies appear precisely due to “degeneracy

maps” f(T) — f(eT) for each divisor e of N/M.
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2.2 The conjugation trick

Let us now proceed to prove Theorem 2.0.1 in earnest. Because the action of Hecke
commutes with modular maps, we may replace Xg with X(N). Then X (N) enjoys not only an
action of T(N), but also an action of GL,(N) that commutes with T(N). We recall some diamond

operators which were defined in Notation 1.6.2; we spell them out here for convenience.
Notation 2.2.1. For integers d coprime to N:

* Define o, := [} 9],

* Define (d) := [dal S}N.

* Define [d] := [§ 9],

Let T(N)" be the ring extension of T(N) given by adjoining the endomorphisms 6, and (d).

Notation 2.2.2. Define the following:

* Let X(N) denote {[} %]} \X(N). Elements are parametrized by triples (E,P,C), where E is
an elliptic curve, P is an N-torsion point, and C is a cyclic subgroup of order N disjoint from

the group generated by P.

~

* Let K;(M) and Ko(M) denote the respective subgroups of GL,(Z) given by the inverse image

of the mod M reduction map of matrices of the form

* Let Xy (N?) denote the quotient of X (N?) by K1 (N) N Ky(N?). Elements are parametrized by
tuples

(n: E—E 7" E —-E" P),
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where 7 and 7’ are cyclic of order N, where 7’ o 7t is cyclic of order N2, and where P is a

generator of the kernel of the dual isogeny 7" : E' — E.

We first observe that, as Z[1/N]-schemes, X (N)" Xz /5 Z[1/N, {y] is isomorphic to X (N).
Indeed, given a point (E,[§]) of X(N), we may associate the tuple ((E,P,(Q)),en(P,0)). As a
consequence, we have that, up to isogeny, J(N) = ReSZ[l/N,CN}/Z[l/N}J(N)Iz[l/N o

We next observe that, as Z[1/N]-schemes, Xz (N?) is isomorphic to X (N)’. Indeed, the tuple
(n: E—E' 7' E - E" P)

can be identified with (E’, P,ker(x")). Since, on the level of groups, this is given by conjugation by

the matrix [ 9], the isomorphism we just exhibited is known as the conjugation trick.

2.3 Some descent

The idea behind our proof of Theorem 2.0.1 is to prove it for manageable pieces of J(N). By
the theory of degeneracy operators, it suffices to prove the theorem for A := Resq¢, ) /A s, Where
[f] is a newform orbit of level M and nebentypus [w]. By the definition of X (N?), the level M must
divide N2, and the nebentypus y must have conductor dividing gcd(M,N). If Vr is the Q-vector
space of holomorphic differentials associated to Ay, then the abelian variety A is associated to
Vi :=V;®qQ(Cy), considered as a Q-vector space.

The abelian variety A has a further action of the {0y }4cz(n)+» and as such we obtain a
€lf.x)

decomposition A = HXA[ £l

the subspace Vy y of V4 spanned by the Galois orbits of the element fy := Y. je7m) x(d) CA‘fI fin

for suitable integers e[y ,1. The abelian variety A[ , is associated to
V4 ®q C. Indeed, we see that 6 acts on f, by multiplication by x(d’), since o sends £ to l‘lfld/.
Moreover, A[ 5 has Hecke eigenvalues agreeing with those on Ay, where f ® x is the twist of f
by x. Indeed, A, acts on f;, by multiplication by a,, therefore T, = A, 0, acts by a, x (p), which is

precisely the 7),-eigenvalue of f® x.
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What remains to be seen is that Ay , is isomorphic to Ay .

2.4 Eichler-Shimura

Let p be a prime not dividing N. The absolute Frobenius Fr, acts on the modular curve

X (N)r,. On the universal elliptic curve & — X (N), there is an associated relative Frobenius
s &, — &L
Fr- OF, F,

over X (N)g,. On functor of points, the map Fr), sends (E, ) to (E (), e (B)).

The goal of this section is to prove the following.

Proposition 2.4.1. The characteristic polynomial of Fry, acting on H), (X (N),Qy) is given by
X? = (Ap):X + plpls € T(N)[x],

a quadratic polynomial over the commutative subring of endomorphisms T(N )O.
First, we prove:

Proposition 2.4.2. Let p{ N. As elements of Endg,(J(N)), we have the equalities

(Tp)« = (Frp)s + [pl«(Frp)*

e [73' 9], = 18 0. By 0[5 4).

Proof. Let us deal with the first item. We will compute the image of 7}, on a Zariski dense subset of
X(N)E,. We can compute 7, on the ordinary locus. Let E/W (F,) be an elliptic curve over the Witt
vectors of F,, with special fiber E and generic fiber Ey. Of the p+ 1 order p subgroups of Ey|[p],
exactly one of them is the kernel of mod p reduction (giving one copy of (Fr,).), and the other p

subgroups will reduce mod p to the etale subgroup scheme E[p]"¢ (giving one copy of [p]. Fry;
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note that Fr), has degree p). Because (7, ) has degree p + 1, it follows that (7},). must necessarily
be (Frp)s« + [pl«(Fr,)* (which we had verified equals (7},). on a Zariski dense subset).

Let us now deal with the second item. We have
[0 Fro, [0 =Fr [0 e, [0

which simplifies to Fr), [1’61 ﬂ , since 0, = [(1) 2] . (The reason we can move the Fr), term to the left

is because it is acting on the E[N] side of the level structure, while the matrices are acting on the
Z(N)? side.)

This completes the proof. ]
Now, we will prove Proposition 2.4.1.

Proof of Proposition 2.4.1. Fix an isomorphism Q, = C. For any smooth projective curve X over

Q, we have functorial isomorphisms between the system of realizations of motives associated to X:
V:i=H)(X,Q)) 2 H(X,Z) 27 C = Hjp(X)®qC.
The Hodge decomposition allows us to write
Hir(X)® C=H(X,Q") o H(X,Q).

Specializing to the case when X = X (N), we learn from the Hodge decomposition that V is a free
T(N)°-module of rank 2; indeed, given an eigenform f € H’(X,Q!), the conjugate f will have
T),-eigenvalue the complex conjugate of that of f, so on the level of Galois orbits, the actions of 7),

agree.
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Next, we see that we may multiply the first Eichler-Shimura relation by o, ! to obtain

(Ap)« = (Frp Gp_l)* +[5 (1)}* (Frp)™.

1

On one hand, if we let X denote Fr, 0, ", we can multiply both sides of the equation by X, and

rearrange, noting that X, X* = p, to obtain
X2 = (Ap) X+ p(p), = 0.
On the other hand,
Tr((Ap)«|V) = Tr((Frp 0, ) |V) + Tr([2 V], (Fr,)*|V).

Under the (dual of the) Weil pairing eZm : V xV — Qy, an endomorphism is adjoint to its dual: for

¢ € End(J), we have
el=(P,9.(Q)) = e=(9"P, Q).

It follows that the trace of an endomorphism acting on etale cohomology agrees with the trace of

the dual endomorphism. We note that the dual of (Fr, 6, 1), is precisely [6’ (])] . (Frp)*, and thus
Tr((Ap)«[V) = 2Tr((Fry 0, ).|V).

Recalling that V' is simply two copies of S2(X(N)), we learn that Tr(Ap[S2) = Tr((Fr, 0, DLV).

Combining with the equation of X,, we learn that the characteristic polynomial of X =
Fr, Gp_l acting on V, as a T(N)?-module, is given by X?> — A,X + p (p) = 0. Thus, since o, lies in
T(N)?, the characteristic polynomial of Fr, = X0, acting on V is given by

2 2
X*—A,0,X +p{p)o,,
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which simplifies to X2 — T,X + p[p] as expected. O

2.5 End of proof

In this subsection, we complete the proof of Theorem 2.0.1.

Proof of Theorem 2.0.1. As we saw in Section 2.3, the abelian variety Ay ,1 has the same Hecke
eigenvalues as Afgy. On Ay, we have A, = a,(f), (d) = y(d) and o, = x(d). Thus, [d] =
(d) o2 = (yx*)(d). Applying Proposition 2.4.1, we learn that the characteristic polynomial of Fr,,

acting on H, (A[f,4,Qy) is given by

X —ap(f)x(P)X+p-(wx*)(p),

which is precisely the characteristic polynomial for A s, . By Falting’s isogeny theorem (even a
special case for GL,-type abelian varieties works, as given by [59]), we learn that Ay ,| = Afgy. In
other words, on a piece of J(N) where T}, acts like it acts on f ® y, the abelian variety is actually

A rey- This completes the proof. 0
By [43], we obtain the following crucial corollary:

Theorem 2.5.1. Consider the abelian variety A corresponding to Sy(Xg)ri—o, the Q-span of weight
2 cusp eigenforms f on Xg corresponding to Hecke eigensystems whose corresponding newforms

f € 8(T'1(M))"®" are of analytic rank zero (i.e. L(f,1) # 0). Then A(Q) is finite.
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Chapter 3

The method of Chabauty and Coleman, for
modular curves

In this section we will recall Coleman integrals and the method of Chabauty and Coleman.
This is an algorithm that outputs a finite set X(Q, ), contained in X(Q,,), and containing X (Q).
For the case of X = X a modular curve, we will describe X5 (Q),)1 explicitly in terms the vanishing
locus of certain effectively computable Coleman integrals; we defer algorithms on how to compute

these integrals to later sections. In particular, we prove the following theorem in this section:

Theorem 3.0.1. Suppose that X := X¢ has a nontrivial rank zero isogeny quotient. Then X(Q))1
is a finite set containing X (Q), and, on a residue disk |U| of a point U € X (F,), the intersection
X(Qp)1ju[ of X(Qp)1 and |U|[ can be given explicitly as follows.

Let t be a uniformizing parameter on U, so that {U[(Q),) gets identified with pZ,. Suppose
that applying the Hecke operator T to t = 0 gives the points t = Q, . .., &(,). Then X(QP)L]U[ can

be identified (under the parameter t) with the finite set

{x € pZy: /OXKS(f)(t)dt _ é/oai KS((p+1—T,) "' f)(t)dt for all f € SZ(XG),kZO}.

28



3.1 Coleman integration

Let X/ Uc, be a curve over the ring of integers ¢, of C,, the completion of the algebraic
closure Qp of Q,. A wide open subspace of X is defined to be any rigid analytic subspace W of
X"'8 that is the complement of a finite number of disjoint closed disks of radius < 1. The theory of
Coleman integration then posits the existence of a well-defined bilinear pairing Col: DiVO(W) X

HO(W,Q!) — C,, with notation [, ® := Col(D, @), characterized by the following properties:
* If ¢: X — X" is a morphism, then [, , © = [, 9" ®.

« If D = ¥,;[x;] € Div®(W) is supported on a single residue disk ]x[, then we may choose a
local uniformizer ¢ on |x[, write @ =: f(t) dt € Oc,[t], find a primitive F' € Cp,[¢] such that
F'(t) = f(t), and compute [, @ =Y, F(t(x;)). Concretely, if D = [Q] — [P] for P,Q €]x|, and

if @ = Y7 a;t' dt, then we may compute [, ® as

1(Q) nd £
Ly S0 = Lzlal-l;]

1(Q)

1(P)
o di-1 i i
=Y “ ey —1(PY).
i=1
We will call notation such as [, @ a Coleman integral, and we will refer to the pairing as Coleman

integration.

3.2 A crash course on Chabauty-Coleman

Here is a brief rundown of Chabauty-Coleman. Recall X /Q is a smooth projective curve of
genus g > 2 with good reduction at prime p. Let J be the Jacobian of X. Choose a divisor D on X
defined over Q of degree d, and define the morphism AJp: X — J given by the rule x — [d -x — DJ;

since D is defined over Q, the map Alp is also defined over Q. Let T A witness A/Q as an
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abelian variety quotient of J, and consider the diagram

X(Q) — X(Qp)

| |

A(Q) — A(Qy)

where the horizontal arrows are inclusions and the vertical arrows are wo AJp. Let A(Q)(p) denote

the p-adic closure of A(Q) in the p-adic analytic group A(Q,). Chabauty’s idea was the following:

Theorem 3.2.1. If tkz(A(Q)) < g, then A(Q)(p)

X(Q).

NX(Qp) is a finite subset of X(Q,) containing

Forty years later, Coleman was able to turn Chabauty’s ideas into an algorithm. He did this

by imposing a coordinate system on A(Q,) given by a basis of holomorphic differentials.

Theorem 3.2.2. Let V < H° (Aq,; oy <HO (Xq, Q1) denote the sub-Q,-vector space of holomor-

phic differentials @ on Aq, such that ®|__,) = 0. Assume rkz(A(Q)) < g. Then the set

A(Q)

d-x

X(Qp)l::{xEX(Qp): a)zoforall(oeV}

is a finite set containing X (Q).
3.3 Application to modular curves

Now we specialize to the case when X := X is a modular curve. We will assume from
now on that G < GL;(N) has surjective determinant and contains all scalar matrices, and we
choose a prime p > 5 not dividing N. Let J; be the Jacobian of X, and recall that for all abelian
variety quotients A of Ji defined over Q, the rank rkz(A(Q)) will necessarily be a multiple of the
dimension dim(A). This means that the maximal quotient of J; for which we can hope to apply

Chabauty-Coleman is precisely the maximal rank zero quotient of Ji. Call this quotient A.
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Let D be the cuspidal divisor of Xg; it is clearly defined over Q, and say it has degree d. Let
Alp: Xg — A be the Abel-Jacobi map x — [d - x — D] as before. Because A(Q) is finite, we may
further quotient A out by the subgroup scheme determined by A(Q) to assume that the image of

X (Q) is 0 under AJp. We have the commutative diagram

X(Q) B X(Qp)

0 —— A(Q,) —— Lie(A)

where the map A(Q,) — Lie(A) is coming from the Coleman integration pairing. We get the

following description of X(Q,); by exploiting the Kodaira-Spencer isomorphism:

d-x

X(Qp)l = {XEX(QP)Z KS(f) =0 for allf652(XG)rk:0} (3.1

Now let us prove Theorem 3.0.1.

Lemma 3.3.1. Let |U| be a residue disk of U € X(F),). Then, for x €|U[(Q,), we have that (T}).x

is a divisor supported on |U].

Proof. Let w: X(N) — Xg = X be the modular map. By Proposition 2.4.2, (T},), = (Fr,). +
[p]«(Frp)* on X (N)F,; applying this to the divisor [x~1(U)], we learn that (T,,).[n ! (U)] has the
same support as [~ !(U)]. (This is because the Frobenius is a universal homeomorphism, and also
because G contains all scalar matrices, so [p] = [{)’ g} stabilizes 7! (U).) Because T,, commutes

with 7, it follows that, on X, we have that (7},).(U) is supported on U. O

Proof of Theorem 3.0.1. Chose a point b €]U[(Q,). We begin with || gb Tyo= | ((TT”))*I()db) o. There-
pJ*
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fore,

db db «(db)
/ (p+1-Tp) (p+1) / /
D
(p+1)b p+1)
:d/ o-df .
(Tp)«b (Tp)«D
By Lemma 3.3.1 and the fact that (7}, ). takes cusps to cusps, as well as the fact that p { N, it follows

that for a cusp ¢, we have (7). ([c]) = (p + 1)[c]. Therefore, the second term in the right hand side

vanishes, and we are left with

(p+1)b

db
/ (p+1-T,)'0=d o.
D ()b

Note that (p+1—T,)* acting on S>(X) is invertible because, by the Deligne bounds, the eigenval-
ues of of T), have complex absolute value bounded above by 2, /p no matter the complex embedding.
Thus, we can multiply both sides by (p+1—T,)~!. We can also write (7,).b as by + - - + b, for

points by, ...,b, €|]U[(C)). In all, we thus have

db P b
/ a):dZ/ (p+1-T,) 'o.
D i=0”/bi

Now choose a uniformizer ¢ on |U| such that #(b) = 0. Write ¢(b;) as ;. Also write @ as KS(f)(t)dt.

We see that for P €|U[(Q),) such that #(P) = x, we have

/dpw:d/oxKS( 1) di — dZ/ (p+1-T,)"'KS(f)(0).

D

Comparing this with the description of X(Q,); given in (3.1), we complete the proof. O
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Chapter 4
Makdisi symbols

In this section, we will introduce the notion of a Makdisi symbol. Formally, they are simply
given by cuspidal projections of products of two weight 1 Eisenstein series, but they have the nice
property of also behaving like modular symbols. In addition, we will see that a certain subclass
of Makdisi symbols, the invertible Makdisi symbols, will span precisely the space of holomorphic

differentials relevant to Chabauty-Coleman, namely the rank zero weight 2 eigenforms.

4.1 Recollection of cusps and Eisenstein series

Let N > 3 be an integer. Following [63], define the sets

Gn = {(x,y) € Z(N)*: ged(x,y,N) =1}
Cg]\:}: = %N/{()@y) ~ (-X, _y)}

P'(N) := G /{(x,y) ~ (Ax,Ay): A € Z(N)"}

and recall that the cusps of I'(N)\H are parametrized precisely by € .

Proposition 4.1.1. Give the above sets a right action of SLy(Z) via

(x,y)-[45] := (ax+cy,bx+dy).
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Then there are identifications

Gy =T1(N)\SLa(Z), Gy =+T1(N)\SLa(Z),  P!(N) =To(N)\SL2(2)
that all associate to Ty =T[4 b] € SLy(Z) the element (c,d) = (0,1)I'y, for
'=T(N),£I'1(N),[o(N).

Proof. This is a matter of verifying that the stabilizer of (0,1) is I'; (N), the stabilizer of {(0,+1)}
is +1" (N), and that the stabilizer of [0 : 1] is To(N). O

We next recall the notion of Eisenstein series on X (N).

Definition 4.1.2. Let k > 1 be an integer, and let (x,y) be an element of €. The weight k Eisenstein

series associated to (x,y), denoted Ex((x,y)/n;T,s), is defined as

XT+
E(ey)wirs) = Y ( Yy )\
ocC/(TZ+Z)

whenever the sum is absolutely convergent, and otherwise via analytic continuation with respect

to the complex variable 5. Often, we will write Ei((x,y)/y) or Ex((x,y)/n;T) as shorthand for

Ek((x7y>/N;T7 0)
The following formulas can be found in [28, Section 4].

Proposition 4.1.3. The g-expansion of Ex((x,y)/n;T) at o is given by

Er((x,y)/n) = cx(x,y) + Z o™V (),

»
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for some ci(x,y) € C, where we are denoting

G,Ex’y)(n) =Y sen(m)m* "

Proposition 4.1.4. Let ci(x,y) be the constant term of the q-expansion of Ex((x,y)/y) at e as

before. We have the following formulas for k = 1 and 2, valid when 0 < x,y < N:

16y +1 .
10 x=0

x/N—1/2 x#0

1 (X,y) =2mi-

iy} = (20 (Ch+&P—2)"1 x=0

0 x#0.

The right action of GL,(N) on modular forms is given on Eisenstein series by

Ex((x,9)/n) & [4 5] = Ex((ax+cy,bx+dy) y).

There is an associated space &;(I'(N)) < M (I'(N)) of Eisenstein series; there is a natural decom-
position Sx(T'(N)) @ & (T(N)) = Mi(T(N)). If k > 3, then &;(T'(N)) has dimension #%5 and is
spanned by Ei((x,y)/n), with no relations between these elements. If k = 2, then & (I'(N)) has
dimension #%5 — 1 and is spanned by elements of the form E>((x,y) N) —Ea((X,Y) ) Tk =1,
then & (I'(N)) has dimension #% /2 and is spanned by E; ((x,y) /n); there are additional relations
coming from the fact that the E1((x,y) /y) are self-dual with respect to a certain Fourier transform
on Z(N)>.

If X € Maty,»(Z/NZ) is a matrix X = [ 5], then define E; 1 (X,y) to be the product

E11(Xy) = ﬁa«a,bm)m((ad)m).
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The expression Ej (X /N) is a modular form of weight 2, but it is usually not a cusp form or
Eisenstein series. The factor 1/(27i)? is there to ensure that the g-expansion coefficients lie in
Q(Cn)-

If G is a subgroup of GL,(N) containing £/, and if I'; is the intersection of G with
SL,(N), then define Eﬁl (X) to be the sum Ypc /41y E1,1((X7) /v ), and define Elrf (X) similarly
(by replacing G with I'). Finally, for a cusp (x,y) € %”Aj,[ corresponding to the coset £1'(N)go,

define EgG (go) to be

E;%(g0) == e Y Ex((x,y)g/n)-
ge+(TgNgy 'T1(N)go)\I'g

4.2 Definition of Makdisi symbol

For a matrix X € Maty«»(Z/NZ), define the Makdisi symbol associated to X, notated
Maky (X), to be the weight 2 cusp form given precisely by the cuspidal projection of Ey 1 (X/y).
The right action of GL,(N) is given by Maky (X ).y = Maky (X - 7). We say that a Makdisi symbol
is invertible if X lies in GLy(N).

Similarly to the Eisenstein series, define, for a subgroup G of GL,(N) containing +/, the
G-Makdisi symbol Makg(X) as the sum ¥ ye /(41 Maky (X 7); define Makr, (X) similarly.

We list some properties of Makdisi symbols that should remind the reader of the 2- and
3-term Manin relations enjoyed by modular symbols. To wit, temporarily let o, T and J denote the

matrices
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Then, we have the following identities:

Makg(X) +Makg(6X) = Makg (X) +Makg(TX) + Makg(T°X)

= Makg(X) -l—Makc;(JX) = Mak(;(X) —Makc;(—X) =0.

Proof. All but the second identity are consequences from the definition of a Makdisi symbol as
well as the fact that £y ((—x,—y) v) = —E1((x,y)5). The second identity is an expression of the

fact that for P,Q,R € Z(N)? summing to the zero element, we have

E\(Pn)E1(Q/n) +E1(Q/n)EI(R)N) +E1(R/N)EI(P)y) € &(X(N));

see [40, Eq. 4.10]. O

4.3 The Hecke action

In this subsection, we will exhibit the Hecke action on a Makdisi symbol. We will use
important calculations of Khuri-Makdisi in [40, Section 4] to prove the existence of “universal
matrices”, akin to the universal matrices in [54], that will yield an expression of the action of
T, on Maky(X) in approximately plog(p) Makdisi symbols. Such an action further supports the
parallelism between Makdisi symbols and Manin symbols, and it is probably true that there is a
Hecke equivariant map from the space of Manin symbols to the space of Makdisi symbols, although
we do not need that result.

Let p be a prime number not dividing N. Recall that 7,, denotes the Hecke operator at p,

and that we have T), = A,,0,,, where A, is the “conventional Hecke operator”

and o), denotes acting by [} 9] in GLy(N). Let us compute this action for an arbitrary Makdisi
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symbol Maky (X ), X € Mat,(Z/N). The operator A, can be thought of as acting by [6’ (1)] , and then
taking the trace from I'(Np) to T'(N), noting that we should divide by #SL,(p)/(p+1) = p(p—1)
also.

We first compute

-
Bi@bird = ¥ (T a)

acZpt+Z
b 71
apt+ —HH—OC)

kGF OCEZp’H—Zp (

-1
=p

apt+ (b+kN !
( ( ) + a)
keF, aeZt+Z Np

=p ' Y Ei((ap.b+kN)y,).
keF )

Let us recall some facts from [40]. For rings R; and R;, let Rj[Mat;(R;)| denote the free

Ri-module on the set of 2 x 2 matrices with coefficients in R,.

Definition 4.3.1. Define the function Mer: Z- x Z — Q[Mat,(Q)] characterized by

Mer(n,s) = Mer(n,n+s)

n-[n0 s=0
Mer(n,s) = 8%

n- [g‘ﬂ — 2 -Mer(s,n) - [1 _1/S ] 1 <s<n.
Lemma 4.3.2. The following hold.
* The function Mer(n, s) takes values in Q[Mat, (Z)].
e Ifwe write

Mer(n, s) Zr,[l i],

iel
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then for each i € I we have

det [?; Zﬁ] ==£n, a;—sb;=c;—sd;=0mod n.

Proposition 4.3.3. Suppose that we have written

Mer(n,s) = Zrl- [?; Zﬁ] :

icl

Then, for A,B € (Q/Z)(Nn), and for s € Z, we have

Y Mak([45]) = Y nmak (@ 4] [4])

Te(Q/Z)[n] i€l
Proof of Proposition 4.3.3 and Lemma 4.3.2. This is essentially a reframing of [40, Prop. 4.6]. [

Lemma 4.3.4 (Chinese remainder theorem). Let gcd(m,n) = 1. Then, in Q/Z, we have a/(mn) =

(aln™ 1)) /m+(a[m™1,) /n, where [n~"],, denotes the multiplicative inverse of n modulo m.

Proof. Let a; be a lift of an~! mod m to Z, and let a, be a lift of an~! mod n to Z. Then
ai/m+asx/n = (nay +may)/(mn). We have nay + ma, is congruent to n(an~!) 40 = a mod m and

0+ m(am™") = a mod n. By the Chinese remainder theorem, we win. [l
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Now, for X := [2" f,} € Maty»(Z/NZ), we have

Ei(Xwo) 2 [§1]

= det [1(; (1)} ‘p—2' Z El((ap7b)/Np+(Oak)/p)El((a/pab,)/Np'i'(Oak/)/p>
(kk')EF, xF,

=p" Y Ei((a.bp")n+(0,k),)E (a6’ p7") n+(0,K)),)
(k,k")€F , xF,

=p " (E1((a,bp™ ") )EL((d',6'p ") i)+

Y. Ei((a,bp™") w)Ei((d,6'p") v+ (0,K) )
k’eF;;

+ Y E(abp ")+ (0,k) ) Ei((d, 6 p7h) iy +5(0,k) /)
(k,s)EF;, xF)

Now we are to take the trace of this expression from I'(Np) to I'(N), remembering to divide by

p(p—1) afterwards. To do this, we note that there is a transitive right action of SL,(p) on the set
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{(a,b),,: (a,b) # (0,0)}, with stabilizer size #SLy(p)/(p* —1) = p. Thus,

Ay =T Ey((a,bp™") ) Er((d 607" )
=p(p—1)(p+ DE((a,bp™") W)E1((d . b'p~") )

Ay = Trggx;) Y El((a,bp_l)/N)El((al,b’P_l)/N+(O,k/)/p)

k’eF;‘,

=plp-1) Y. Ei((a,bp™")nE((d,b'p~ ") n+T)
Teé&[p]-0

= p*(p—1)Ei((a,bp™ ") N)E1((pd',b') v) — p(p— DE1((a,bp™ ") w)E1 ((a',6'p ™) n)

Ayi=Tly) Y Ei((abp™") iy + (0,6) ) (@8 p ") i+ 5(0,6) )
(k.s)EF% xF),

=plp=-1) Y Y E@bp™)y+TE((db'p")n+sT)
s€F, Te&[p]-0

=p(p—1) ( Y Maky (Mer(n,s) X [(1) p(_)l])>

seF,

—p*(p—DEi((a,bp™") N)E1((d ;' p~") ).

Finally, we have

1
Enn (i) 12 Ap =~ Ty mon B (X0 2 (5]

1
= —5——(A1+A2+A3)
p*(p—1)

_p+l1 10
= Maky (X [Opq})

T (MakN([(l) o] x [(1) ,,91})— %MakN(X- [(1) pol]))

+ (l (Z Maky (Mer(p,s) - X - [(l) pol])> — Maky (X - [(1) pol]))

p sekF,

= Maky([§ 9] X [})pol])Jrl (Z Maky (Mer(p,s) - X - [}) p%})) .

seF,
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Thus, because T, = A, - [(1) 2]N, we have

Maky (X) |2 T, = Maky([ 2} X) +% ( Y Maky(Mer(p,s) X)) .
seF,

Because acting by 7), commutes with passing to smaller congruence subgroups of level coprime to

p, it follows that

Makg(X) |5 T, :Makc([(l)g}X)nL% (Z Makg(Mer(p, s) -X)) :
seF,

Corollary 4.3.5. The span of the invertible Makdisi symbols is stable under Hecke operators.

Proof. By Lemma 4.3.2 and the formula just above, we see that acting by 7}, has the effect of
multiplying X on the left by various matrices of determinant p. Since p { N, it follows that

Makg(X) |2 T, is also in the span of invertible Makdisi symbols. O

4.4 The rank zero quotient comes from invertible symbols

In this subsection, we will exhibit the rank zero quotient of X as precisely the span of the
invertible Makdisi symbols. Such a result should be thought of as similar in spirit to the result
of [13], although we will prove it using a Rankin-Selberg unfolding result of Khuri-Makdisi and
Raji, rather than work with g-expansions. Recall that in [40], Khuri-Makdisi proves the following

important theorem:

Theorem 4.4.1. The Q-vector space S»(X(N)) of weight 2 cusp forms is spanned by the Makdisi
symbols {Maky (X): X € Maty«2(Z/NZ)}.

The goal of this subsection is to prove the following analogous statement:

Theorem 4.4.2. The Q-vector space spanned by the rank zero Hecke eigenforms in Sp(X(N)) is

precisely the span of the invertible Makdisi symbols {Maky(X): X € GL,(N)}.
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Notation 4.4.3. If f| and f, are functions of some fixed set of variables valued in C, write f; ~ f;

if fi = fo- f> for some nowhere vanishing function fj.

Now let us begin the proof. By Corollary 4.3.5, we see that it suffices to show that the
orthocomplement of the span of invertible Makdisi symbols are precisely the span of the positive rank
weight 2 eigenforms. To this end, suppose f is a weight 2 eigenform on X (N) (not necessarily new),
represented by (fy) dez(n)+- Without loss of generality, we may assume that the diamond operators
also act by characters: namely, let {(d) } sezv)- act with character v, and let {04} ez (v)- act with
character . We break up X (N)(C) into a disjoint union of ¢ (N) copies of X(N)'(C) =IT'(N)\H*

and obtain that for y € GL,(N), we have

<f7E1,1(’}/7s)>X(N) ~ Z <fd7El,1(y6das)>X(N)/-
deZ(N)*

Note that f; can be considered as f |, 0y, but restricted to the “canonical” connected component of

['(N)\H where {y is identified with exp(27i/N).
Definition 4.4.4. Let A € Maty»(Z/NZ) be a 2 x 2 matrix.

* Define XX to be the set of 2 x 2 matrices M with integer coefficients of positive determinant

such that M = A mod N.

* There is a right action of I'(N) on X I given by M — M7y. Define YAJr to be the quotient

Y, =X /T(N).

We have the following important result found by applying [41, Prop. 2.5] to the case
0 =m =0.

Theorem 4.4.5 (Khuri-Makdisi, Raji). Let A € Maty,»(Z/NZ) be a matrix, and let f be a weight

2 cusp form on T(N). Then, for all s € C of sufficiently large real part, the Petersson inner product
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<f,E171 (A, s)> is a nonzero multiple of the following infinite sum:

Y detan) | T(FlaM (@) dz.
MeYA+UY[+? (l)]A

Thus, by 4.4.5, we have

<f,E171(y,s)>X(N) ~ Y Y det(M)_s_l/ow(fd b MY (2)dz.

d€Z(N)" MeYy5, UY()
6]

Notation 4.4.6. For y € GL,(N), denote ¥ by 6_;y0_;.

We have

01 0 —1|
YOu = Y0y
1 0 1 0

and thus the Petersson inner product becomes

) Yo den) [ (M @)
dGZ(N)*MEY%dUYE) Bl}fad

We now present a crucial double coset lemma.

Lemma 4.4.7. Let X € Maty,»(Z) be an integral matrix such that gcd(det(X),N) = 1, and let
dy,dy € Z be positive integers such that dy | d, and such that did, = det(X) mod N. Then the

intersection of sets of integral matrices
(X +N-Matya(Z)) N (r(l) [fg 52] r(1)>

is precisely one double coset T'(N)BI'(N), for some B € Maty 2 (Z).
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Proof. Let o denote the matrix element [Cf)‘ 6?2} . Say that 71,7 € SL,(N) are matrix elements such
that oy, '= o mod N. We claim that there exist lifts i, 7i € SL2(Z) of 1, 7> such that Jiap ' =

. (A priori 71 and 5 may only lie in Mat,(Z).) Indeed, we know that 7 = a» o~ mod N, and

we want our lifts to satisfy 7 = apo™!.

So, letting r := d,/d,, this is just asking if we can
lift 1 to a P such that  =: [¢ 5] lies in the subgroup I''(r) < SL,(Z); for if this is the case,
a b/r

then apa~! = [r

o ] is determinant 1 with integer entries. But this answer is clearly true, by

approximation. Thus the claim is proven.

As a consequence of the claim, we find that if two elements in I'(1)aI'(1) reduce modulo

N to X, say notated as x| := yhlayle and x; 1= y271a72*§, we then have (}/2’711)/171)05(}/2’721}/1’2)_1 =
o mod N. We find lifts g1 of 7, 11 %1,1 and g2 of ;- 21 1,2 such that gy g, ' — o. Then the elements
hy = }/271g1}/1_11 and hy 1= }/ngz_lyz_zl both lie in I'(N), and satisfy i -x; - hy = x,. Hence, x; and

x> lie in the same double coset. This proves the lemma. [

Back to the inner product. We are to enumerate lifts of y [} 9] for a given d € Z(N)* and

y € SLy(N). We have
(r[5 ] +N-Man(Z)) = v([3 §] + N -Many(Z))
and for a fixed n > 0 congruent to d mod N, that

([b9)+N Man(z)= = (([§ 4] +N-Mae(@)ar) [4 2] 1)
didy=n
dy|dy

= U ry@) 4 o] rw)
didy=n
di|d;

= U a1 [§ ) | T,

didy=n
dy|dy
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As a consequence, X,

yo, decomposes as double cosets

YGd U U diy(dr) 1FN> [Odz/dl]F(N)

n=d(N)dydr=n
dy|da

and thus the set {M~1: M € X 7o, } decomposes as

U U t) [ 0 e @)y

n=d(N)dydr=n
di|d,

and thus {M~': M € Y}, } decomposes as

U U dglAdz/d1 (d1) 771

n=d(N)d\dr=n
dy|dy

Similarly, {M~': M €Y, |, }decomposes as
[1 0 ]Y(Td

U U d'Auya (diyy [ % §]

n=d(N)didr=n
dy|dz

Noting that in weight 2, slashing by a scalar matrix does nothing, our Petersson inner product
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becomes

) Yo ) (M)
deZ(N)*MeY%quFO _]chd 0
10

=Yy Y o /0°°<fnled2/dl L d) (v +y [0 DR dz

n>1 didry=n

= X X U oR b Tl @) (7 [ @)z

n>1 dldzzn

(na ):1 d||d2
= ) "“/ agyja, (W) (@) (f 12 (v [0 ] (@) dz
nZl d1d2=n 0
(mN):l d1|d2
o0 1 1e agyja, (Wx*)(dr)
~([Creotererogn) gy A
0 n=>1didr=n n
di|d,

Noting that f |, (y"'4+ ¢y~ [? !']) integrates to 0 along {0,}, as well as distributing out the

second term, we see that the sum becomes

(/wa o (r! —Y"’C)) LN s+ 1)L (wy? 25+ 2),

where the last two terms are L-values but with the terms in the Euler product corresponding to
primes dividing N taken out. By [54, Prop. 8], the integral in the parentheses never vanishes
unless f is zero, since Y~ ! — Y1 lies in the —1 eigenspace for the star involution. Moreover, the
expression L™) (y,2s+2) never vanishes at s = 0, and the terms omitted in the Euler product for

LW™)(f,1) are never zero either. Thus, the expression above is zero at s = 0 for all y € SLy(N) if

and only if L(f,1) = 0. This completes the proof.
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Chapter 5

Computing invertible Makdisi symbols in
terms of Eisenstein series

In this section, we will compute expressions for invertible Makdisi symbols on G, for any
subgroup G of GL,(N) containing {41}. By the definition of Makdisi symbol, such a task boils
down to finding the right weight 2 Eisenstein series to add to an expression Ej j (X /N) in order to
get a cusp form. Strictly speaking, we can get by with linear algebra and g-expansions, but we find
the prospect of an explicit formula much more exciting. To that end, we also hope that this section

can be used in the future to prove various integrality properties.

5.1 Makdisi symbols of full level

Our first task is to compute the cuspidal projection Maky(y), for y € GL,(N). After
translating by y~!, the problem reduces to finding a formula for Maky( [(1) (1)] ). We may write

Maky ([} 9]) as

1
Maky([6 1)) = Evi([o ] 0) ~ gr X M E2l(ey) )
(x )€€y

for unknown terms r, ) € Q(Cy). In this section, we will give an explicit formula for the 7, ).
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To explain the formula, we need some notation. Define the multiplicative groups

A:=Z(N)*/{£1},  AY:=Hom(A,C").

Define the function

: {u}—=1/2 u#0
1) =
0 u=>0

(here, {u} := u— |u]) and define the generalized Bernoulli numbers B, , and %, , as given in [36,

Section 2]. For a cusp (x,y) € 64", letting 0 < x,y < N, define the functions

Py, P, P: A— C, P:AY = C

Pb)= (& -1 B ()
P(X) = _% 2%

Lastly, for any complex-valued function F* whose domain is a finite abelian group B, we may define
the Fourier transform .% (F), which is a complex-valued function whose domain is the character

group BY := Hom(B, C*). We are now ready to state our theorem.
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Theorem 5.1.1. Let r, ,) be as above. We have the following formulas for r(, ,:

Fud' \—ua) = ﬁ_l [ﬁ[P'(aﬂl)]/P](u)
ro)=F ' [FIP]/P)(b)

rop) =F ' ZP]/P](D).

Proof. Recall that a modular form is a cusp form if and only if it vanishes at all cusps. Let

(& lf’} € SLy(Z) be a matrix. Then, the constant term of E; 1 ([} ?]/N) at the cusp [ % ] is the

a v

constant term of E11([4 5] ) ateo, which is

/N)

1G4l a D\ (snlisl a1
(5(“)2<;1@—1+N_2) (5(“)2g13’_1+N_2

while the constant term of (27i) 2 Liry)ert Ty E2((x, ) /v) at 14 m is the constant term at oo of

(2mi) =2 Lixyees My Ea(ax+ da'y,bx+0b'y) ), which is

/ / —1
£ (s )
(x.))E€Cy

Equating these two expressions, we find two classes of equations:

s Forall [a:a'] € P'(N) such that a,a’ # 0, and all u € Z(N)*/{=£1}, we have

ua l) (ua/ 1) Z I PR ~1
~ 5l —5)= . —ra (S N —2)
(N 2J\N 2] ey ( >

These equations can be thought as to be associated to lines in the “interior” of Z(N)?.
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* For all b € Z(N)*, we have the two equations

AEZ(N)*/{£1}

(1{?1—1)_1(§—%)= Y r(o,lb)(cmc];’t—z)l.

AEZ(N)* /{£1}

These equations can be thought as to be associated to the two “exterior” lines [1: 0] and [0 : 1]

of Z(N)?, respectively.

We will now take the Fourier transform of each of these equations, noting that the Fourier transform
of a convolution of two functions is the pointwise product of the Fourier transforms of the respective

functions. When we do this, the three equations become

We briefly digress to observe that

—1 o -1 1 ) wlre
(CK/ +Cy" —2> = g8 ( N )

By [36, Corollary 4.4], applied to the case a = 2, we find that

F (@ 60 -2) o=y s =P

After substituting this expression into the three equations, dividing both sides of each equation by

L(x), and then taking the inverse Fourier transform, the proof is obtained. [l
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5.2 Makdisi symbols for quotients

We will now proceed to obtain a formula for Makr () in terms of the expressions E f(f

Eg ¢ and F(x)- In fact, we will obtain a formula for Makr, () at each cusp h, and we will then use
this to obtain a formula for Makg(7) at each cusp 4, also in terms of EC|, (27:1')’2E2F ¢ and r(, ).
e

Of course, we recall that £, §, E 1G1 and Eg were defined in Section 4.1, and that F(x,y) Was defined

in Section 5.1 as elements of Q({y) such that

Maky([69) =Era([69]p) = X reenBEaCey)w)-
(xy) €y

Then, for y € SL,(Z), we have

Maky(1Tg) = Y, Maky(yg)

g€lg/+
1
= Z Elyl(’}/g/N)_ (27“)2 r(x,y)E2((x7y)’yg/N)
g€lg/+ (x,y)€£L1(N)\SL2(Z)
g€lig/+
=E §(y) - Y Fley) #(T6 N (807) T T1(N)g0Y)E; ((x,5)7)
20:=(x,y) €2 (N)\SLy(Z)
= E,§(1) - Y gyt - #(Ta N g5 'T1(N)g0)E3 “((x,))
g0:=(x,y)exT'1(N)\SL2(Z)
:Ef?(Y) - Z r()c,y)g)/‘1 #(FGmg(;]Fl(N)gO)EgG<X7Y)

go:=(x,y)€l' (N)\SLy(Z)/T'c
g€+(ToNgy 'T1(N)go)\I'G

so thus we arrive at the following.

Theorem 5.2.1. If we define r{xGy)(}/) to be the expression

#TgNgy 'T1(N)go)- Y T(xy)gh=1>
ge+(TgNgy 'T'1(N)go)\I'G
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then the expression Makr,(Y) equals
E§(n) - 1S (NE; °(x,).
g0:=(xy)€L1(N)\SLa(Z)/Tg

There is an evident analogue for Makg(y). To wit: if we choose, for each d € Z(N)*, a

matrix 8(d) € G of determinant d, then we have

Makg(y) = ), Maky(¥T6ga))
deZ(N)*

=E\(7) - Y S (ME () |2 gy
deZ(N)*
go:=(xy)Er(N)\SL2(Z)/T'g

we can now simplify this sum, by making a substitution. For each d € Z(N)*, we may replace (x,y)

with (x,y) - g(4), and obtain the following:

Theorem 5.2.2. For each (x,y) € €y, let rZCGy) (7) be as in Theorem 5.2.1. If we define rg y)(}/) to

be the expression

where each g ;) is any matrix in G of determinant d, then the expression Makg(y) equals

EY\(Y) - )y r(Gw)(Y)EzFG(XaY)-
20:=(x,y)€T1(N)\SL2(Z)/T'g
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Chapter 6

Computing a basis of holomorphic differen-
tials from Makdisi symbols

In this section, we will describe how to compute a basis of the space S»(Xg)x—o in terms
of Makdisi symbols. Although the basis will be as a Q-vector space, we will be working with
g-expansions whose coefficients are in Q({y); recall that this is occurring because X is coming
from a quotient of X (N), which is the base change X (N)" x ¢ Q({y) considered as a scheme over
Q. We will first describe a sort of Sturm bound that works uniformly at all cusps of Xi. Then we
will describe a process that can be best described as first computing the “Manin” relations, and then

computing the rest of the relations via g-expansion coefficients and the Sturm bound.

6.1 Sturm bound

On Xg, let .# be an index set for the cusps of X. (Recall that cusps are parametrized by the
double coset space G\ GL(N)/U(N)). For cusp i € .7, let w; be the width of i, let Q; be the size
of the Galois orbit of i, and suppose cusp i is given by the double coset i = [Gh;U (N)]. (Recall that
the action of Galois is given by [Gh;U (N)].04 = [Ghijo,U (N)], where 6, = [} 9] as usual.) Let g

denote the genus of X.
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Proposition 6.1.1. Suppose C € Z~ is such that the following inequalities hold:

N

Zo (|5 1) s2ea

i€y

C-w;
L W’J >1 forallie .

Then, if f € S2(Xg) is a weight 2 cusp form such that, for all i € &, the first C terms of the

gn-expansion of f |2 ¥ vanish (including the coefficient of q% ), then f =0.

Proof. Suppose f is such that the hypothesis holds. Then, under the Kodaira-Spencer isomorphism,
KS(f) is a global section of the sheaf Q!(—D), where D is the effective divisor supported on the
cusps, such that the multiplicity of the cusp [Gh;U(N)| (and all of its Galois conjugates) in D is
{%J — 1. However, under the hypothesis of the proposition, deg(D) > 2g — 2, implying that the

degree of Q' (—D) is negative. This forces f to be 0. O

6.2 Computation

Let us now generate a basis of holomorphic differentials. We begin with the set {Makg(7): y €
SL,(Z)/T'¢}, and we use the Manin relations above to compute a spanning set {Makg (%) }ic.z for
S2(XG) k=0, indexed by the set .# . Of course, there will be more relations, because the Makdisi
symbols are only good enough to span the rank 0 part of S»(X¢). This is what we will resolve with
g-expansions.

First, we compute in X (N). For k € {1,2} we precompute the g-expansions of E;((x,1) /y)
for all 0 < x < N/2, up to precision O(¢§;""). Then it is not so hard to recover Ej((x, i) /), for if

(x,1)- [§ 8] = (x,i) for some b € Z(N) and d € Z(N)*, we have

Ep((x,1)/n) = Ex((e, Dyw) [ [g ) I« [67] -
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Or, if x > N /2, then we have

Er((x,1) ) = (=D ER((N —x,—1) jn) = —Ex(N =x,1) ) e [§ 4 ] -

We compute products of two weight 1 Eisenstein series. We choose coset representatives
[4 %] for the right coset space GL,(N)/ = [} #], and then compute E; ; ([§ ;] /n) using the computa-
tion of weight 1 Eisenstein series above. Then we can use the same trick that we used for computing
Ei((x,7)n), to get Ey 1 (¥)y) for any ¥ € GL2(N).

Next up, we take G-orbits to obtain g-expansions on X¢. Let {4} jc _¢ be representatives
for the double coset space I'g\ SLo(N) /U (N) parametrizing the cusps of X¢. For each pair (i, j) €

A x _Z, we first compute, using the formula Theorem 5.2.1 the g-expansion of the Makdisi symbol

Makrg (%) |2 hj.

Afterwards, for each pair (i, j) € .# x .#, we compute Makg(¥;) |2 h; by noting that

Makg (%) 2 hj= ), Makrg(%) |2 g)hj
deZ(N)*

= ) Makpg(%) 2 /ixa ) 2 [5 b(i’j)}
deZ(N)*

where x(d, j) € # and b(d, j) € Z(N) are suitable elements such that the relation
0 d

ha [0 747 | e G

holds. We pause to note that this can always be done, because such a relation is expressing the fact
that the double coset I'gh ;U (N) is mapped to the Galois orbit of the double coset Ghy 4, ;U (N). In

any case, we have thus computed, for each (i, j) € .# x .#, the g-expansion of Makg(h;) at the
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cusp ¥;. Applying the Sturm bound, we see that the g-expansions we have computed of
Makg (hi) [ ;... Makg(hi) | ¥

determine Makg (h;) uniquely. This allows us to find all the other relations between the {Makg(%;) }ic_z

that were not picked up by the Manin relations. We end up with:

* Elements {¥;}ic.z.« in the coset space SL,(Z) /T, such that {Makg(¥;) }ic.z.« is a basis

for S>(Xg) k=0 over Q.

* A row-echelon matrix that allows us to express, for any g € SL,(Z) /T, the Makdisi symbol

Makg(g) as a linear combination of Makg (7).

6.2.1 Future work: faster computation of Fourier coefficients

For y,h € SLy(Z), we have worked out how to obtain the g-expansion coefficients of
E f‘f (7) |2 h that is efficient even if the level N is large, but for time reasons, we have decided not
to include the approach here. Morally, the reason that this speedup can be obtained is because the
g-expansion coefficients of £y 1(yy) are relatively sparse, and so roughly speaking it is faster to
work with double cosets involving I' rather than sum up along I'g. (which becomes impractical
when N is a three-digit number). When we release this dissertation as a preprint, we will have this

part typed up.

6.3 Eliminating cuspidal residue disks via the formal immer-
sion method

The Chabauty-Coleman algorithm will end up relying on the computation of zeroes of
power series in each residue disk defined over F,,. However, if the residue disk is cuspidal, then

the width w may be quite small compared to N. This poses an issue, because it means that if we
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want to compute C terms of precision, then we will have to compute at least C - N/w terms of the
gn-expansion.

The solution to this conundrum turns out to be rather simple. Namely, we will find a finite
set of primes S, such that, for a prime p not in S, the Chabauty-Coleman locus X (Q p)l will contain
no points in any cuspidal residue disk. We will accomplish this by invoking a lemma on formal
immersions due to Parent and Raynaud.

Let us begin by describing how to compute a basis for the Z[1/N]-module of weight 2 cusp

forms defined over Z[1/N]. We begin with the following proposition.

Proposition 6.3.1. Let f € S,(Xg) be a modular form such that for all cusps yj, the g-expansion

coefficients of f | yj up to O(q5,) are Z[1/N)-integral. Then f is Z[1/N)-integral.

Proof. First, we note that the Sturm bound holds for weight 2 cusp forms in all characteristics
p prime to N. Indeed, because X is smooth over Z[1/N], the dimension dimg, H((Xg)r,, Q')
remains constant as p varies.

Suppose that the hypothesis of the statement holds, but suppose f is not Z[1/N|-integral.
Let D > 1 be the smallest integer such that D - f has Z[1/N]-integral coefficients. Then D - f is
nonzero, but all coefficients up to O(qg) are 0 when f is reduced modulo p, for all primes p dividing
D. By the Sturm bound in positive characteristic, it follows that D/p - f is Z[1 /N]-integral, which

contradicts our assumption that D was the smallest integer. O

As a result, we have an efficient way to compute the Z[1/N]-structure on weight 2 cusp

forms.

Corollary 6.3.2. Let M be the matrix whose rows are indexed by a basis {Makg (V) Yic.w.w Of
S2(X6) k=0, and such that for each i € M M, row i is indexed by the g-expansion coefficients
{Make(;) | hj}jcsr of Makg(gi) at all cusps. Then, the saturation of M from Q to Z gives g-
expansion coefficients for a basis of precisely the weight 2 cusp forms in Sy(X¢)rk—o defined over

Z[1/N].
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Next, we recall some notions surrounding the concept of a formal immersion; see [30,
Section 2] for details. A morphism f: X — Y of (noetherian) schemes is a formal immersion at
x € X if and only if the map of completed local rings f*: 5"}7 fx) é)\ch is a surjection. Equivalently,
it suffices for the map on cotangent spaces to be a surjection. We recall the following important
property:

Lemma 6.3.3. Let R be a noetherian local ring with residue field k. Let f: X — Y be a map of
noetherian schemes over R, that is a formal immersion at the point x € X (k). Then, if P,Q € X(R)
are such that f(P) = f(Q), and if both P and Q reduce to x on the special fiber, then we must

necessarily have P = Q.
Proof. See [30, Lemma 2.2]. O

Proposition 6.3.4. Let { f;} be a basis for S»(X¢)k—o over Z[1/N). Let y be a cusp of Xg, of width
w, and suppose that the cusp v is defined over F := Q({y)¥, for H a subgroup of Z(N)*. Let

ay(f; | v) denote the coefficient of q), in the q-expansion of f; and let I < OF be the ideal

I:= (al(fl ‘ Y)aal(fZ | Y)v)ﬁF

Then, for precisely the primes p in the set
S:={p: p divides Normg ,o(I)} N {p: pmod N € H},

the cusp Y corresponds to an ¥ y-residue disk for which where the Abel-Jacobi map Aly: Xg — A

into the maximal rank O quotient A of the jacobian of X fails to be a formal immersion.
Proof. The mod p residue disk of y is defined over F, (and not some extension) if and only if p
splits in F', which is equivalent to p( mod N) lying in the subgroup H < Z(N)*.

The ideal I as considered in the statement is divisible by precisely the primes p of OF such

that AJy fails to be a formal immersion at the reduction of y mod p. Indeed, if p divides I, then,
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modulo p, the elements a; (f; | 7) are all 0; we would need at least one non-zero element mod p in

order to span the one-dimensional cotangent space at ¥ mod p. [

Theorem 6.3.5. Let {Y;};c.» be an enumeration of the Galois orbits of the cusps of X¢g. For each
i€ .7, let F; = Q({y)Mi denote the field of definition of ¥, and let I, denote the ideal associated
10 Y;, as considered in Proposition 6.3.4. Let I; be the ideal in Z defined by Normp q (Iy). Let S

denote the set of primes

S:= U {p: p divides I; and p mod N € H;}.
ics
Then, for any prime p ¢ S, the locus of rational points X(Q) does not intersect any cuspidal residue

disks.

Proof. Let A denote the maximal rank 0 quotient of the jacobian of X. If p ¢ S, then for every
cusp ¥, the Abel-Jacobi map AJy,: Xg — A is a formal immersion. Suppose x € X;(Q) lies in the
same mod p residue disk as ¥; € Xg(F;) and is different from ;. Then Lemma 6.3.3 implies that
the divisor class [x — 7] is nontrivial in A. On the other hand, we claim that [x — ¥;] is torsion in A.
Indeed, if we let D denote the divisor given by summing the Galois orbit of ¥;, say of degree d, then
[d-x— D] lies in A(Q) and is thus torsion in A; thus, since [d - (x—¥;)] = [d- X — D]+ [D —dy;] and
since [D — d¥;], being supported at the cusps, is known to be torsion (in fact, it is torsion even in J),
it follows that [d - (x — ;)] and thus [x — ¥] is torsion in A.

By [55, Prop. 2.3], it follows the class [x — 7] in A has order p” for some natural number n
satisfying p" — p"’1 < 1. However, we assumed that p > 5, so this forces n = 0, and thus [x — ¥;] is

trivial in A, contradicting what was said earlier. This completes the proof. [
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Chapter 7

Setting up the residue disks

From now on, we will fix a prime p > 5, not dividing N, such that, for S as in Theorem
6.3.5, the prime p does not lie in S. For each of the finitely many U € X5 (F,), there is an associated
residue disk XG(Qp)y[» and the Chabauty-Coleman locus X;(Q))1 partitions by residue disk into
sets X (Qp)1ur-

In this section, we will set up the necessary information for each residue disk |U| in order
to compute XG(Qp)1)y[- Recall that we may identify U € X (F,) with a tuple (E, [Gglg]), where
E/F, is a framed elliptic curve, and where [Ggu] is a double coset in G\ GL,(N)/ug such
that [Ggu ] = [GgFr, ug|. We will find, for each |U[, a uniformizing parameter ¢ such that the
infinitesimal neighborhood of X¢; at U is isomorphic to Z,[[t]], along with a family of framed elliptic
curves E; — Spf(Z,][t]]) such that Gg = GgFr,. We will then use the description of ¢ and E; to
express the locus XG(Q,); [ as the common zero set of integrals of invertible Makdisi symbols.

Also, by Theorem 6.3.5, we can skip over the “cuspidal” residue disks.

7.1 Enumerating residue disks

First, we find all j-invariants jo € F, such that there exist U € X(F,) with j-invariant jo.

This can be done using Andrew Sutherland’s intrinsic

GL2jInvariant(p).
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(Note that this intrinsic will give the j-invariants for G := {(g~!)': g € G} rather than G, but this
is fine because we assumed that G contains all scalar matrices, so G is conjugate to G7 via [ ']

For such jy, we construct the elliptic curve over F), given by

¢

y?> =x>—27-1728x Jjo = 1728(mod p)

E: 42 =x3454.17282 Jo=0(mod p)

y? = x> —27jo(jo — 1728)x + 54jo(jo — 1728)>  otherwise.
\

In order to talk about level structures on E, we will construct a framing fy: Z(N)? — E[N|(F))
of E following [49, Section 5]. In [49], Mascot constructs a By as follows. For each ¢ dividing
N with exponent e, factor the polynomial given by W (x)/%¥ -1 (x). Choose two roots x4 ¢ and
xp,¢ randomly, and pick two points Py ¢, Pg ¢ on E [¢¢] with those respective x-coordinates. Check if
ege(Pa s, Ppy) # 1;if itis 1, then repeat this process until it is not 1. At the end, output A := YonPay
and B := Yy Pg¢, and let By be [4].

We will also need to compute matrices for various endomorphisms of E with respect to the

framing By. The answer can yet again be found in [49, Section 5], namely:

Proposition 7.1.1. Let ¢ € End(E) be an endomorphism. Then, with respect to By, the action of ¢

on E[N] is given by the matrix

log(en(¢(A),B)) —log(en(¢(A),A))

Y

log(en(¢(B),B)) —log(en(9(B),A))

where the logarithm is the discrete logarithm on Nth roots of unity, with base ey(A,B).

Proof. For indeterminates a, b, c,d, write ¢ (A) = aA + bB and ¢ (B) = cA + dB. Then compute the

Weil pairings of ¢ (A) and ¢ (B) with A and B, noting that the Weil pairing ey (-, -) is alternating. [

Using Proposition 7.1.1, we can compute the matrices attached to the Frobenius endomor-
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phism Fr;, as well as the automorphism group pi, of EFP; then, we simply enumerate the double
coset space G\ GL(N)/u by representatives {g;}, and then for each g;, test if Fr,, € g, IGgiup.

The resulting set of residue disks is a list of tuples ((E, By),g), where E := (E, By) denotes
a framed elliptic curve over F),, and where g € GL,(N) constitutes a G-level structure of E as per

the previous paragraph.

7.2 Universal families for each residue disk

With the enumeration in hand, we will now construct for each U := ((E, fy),g) € Xc(F)),
a uniformizing parameter ¢ for the infinitesimal neighborhood |U[ of U and a family E; of elliptic
curves over |U].

On the residue disk |U], let jo € F, denote the j-invariant of U. We choose a suitable lift of
Jjo to an element jj of characteristic zero as follows. If jo = 0 (resp. 1728), then we set jj to be
0 (resp. 1728). Otherwise, jo is a j-invariant that is not 0 or 1728, and we just choose any jj € Z
lifting jo.

We will now construct an open p-adic unit disk and a family of framed elliptic curves, and
then show that this data constitutes precisely the infinitesimal neighborhood |U|[ of U. Let us begin
with the unit disk construction. For a suitably chosen u € Z; depending on [Ggug], to be chosen

later, we construct a map

Spf(Z,[[t]]) = Spf(Z,[[j — jol]) € X (1)
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given by

)
ut> +1728  jo = 1728

J=9 u’® Jjo=20

Jo+t otherwise
\

Next, we describe a family E, ,, of elliptic curves over Spf(Z,][[r]]). To wit, we define E; , by

(

y? = x> = 27u(ut? +1728)x + S54u’t (ut?> +1728)) jo=1728

Eru: § 2 =x% = 27ut(ut® — 1728)x + 54u(ut® — 1728)? Jjo=0

y2 =x> = 27(t + jo)(t + jo — 1728)x + 54(t + jo) (t + jo — 1728)%  otherwise.

In the next paragraph, we will describe a method to compute u € Z %, but let us first explain why
it is necessary to choose certain u € Z ;. Visibly, E; , deforms E, at least up to “twisting by u”,
but simply letting u be 1 will not necessarily guarantee that Fr), lies in the group ¢ ' Gg; rather, it
only guarantees the existence of an automorphism a € Uy such that Fr;, -a lies in ¢ 'Gg. This is
an issue, because when E is deformed to a family & over Spf(Z,[[¢]]), the automorphism group
may shrink, meaning that & — Spf(Z,[[t]]) does not actually constitute a Z,|[t]]-rational point of
Xg. As aresult, we will have to take a suitable twist of & in order to remedy this, in particular so
that Fr), lies in g~ 'Gg on the nose. We also note that since G is assumed to contain %/, the above
situation will only concern us when jj is either O or 1728; in those situations, we will be taking
either a cubic or quartic twist.

We now describe a method to choose u € Z;. First, we check if gFr), g ! lies in G if we
consider E; , when u is set to be just 1; if this is the case, then we do not do anything, and we just

let u be 1. Otherwise, there are three cases.

o If jo = 1728, then take any quartic twist; any two quartic twists will differ by at most
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a quadratic twist, and as said before, since —/ € G, quadratic twists do not concern us.

Concretely, choose any u € Z.;/ 74, and then take E; , to be our family.

If jo=0and p =1 mod 3, we first find a € yg such that Fr;, -a lies in g 'Gg. From a, we
extract the unique third root of unity {3 € F such that the action of a on x-coordinates is
given by multiplication by {3. We find a primitive root i of F; such that g(»—1/3 equals (3,
and we claim that any lift u € Z of i will do the trick. Indeed, twisting by u changes the

model over t = p = 0 from
V2 =x454-1728% t0 y* = x> + 54 - 1728%u,

meaning that, when the curves are identified by (x,y) — (uPx,ul/ 2y), the Frobenius endo-

morphism changes from (x,y) — (Fr,(x),Fr,(y)) to

Fr,(u!/3 Fr,(u'/?
(u'Px,u2y) (um : %Frp(ﬂ,u”z ' %%(ﬂ)

That is, on the x-coordinate, the Frobenius Fr, changes into [{3] o Fr),, and on the y-coordinate,
the Frobenius is multiplied by a factor of 4-1. But this is precisely the mapping Fr), -a (up to
the automorphism +1), which we said lies inside g~' Gg. Thus our claim is verified. (In fact,

this extra “automorphism” is precisely the cocycle that defines the cubic twist in question.)

If jo =0 and p =2 mod 3, we claim that there exists an automorphism ¢’ € i such that,
if we define g := g-d/, then we have Fr), € & 'G3. (Crucially, § and g represent the same
double coset [Ggpt], so we are free to change g to & without restriction.) Indeed, if o €
is the automorphism (x,y) — (&3x, —y), we compute that o - Fr,, equals Fry,-ot~ !, since both

compositions map (x,y) to ({3xP, —yP); here we are using the fact that p =2 mod 3 to deduce
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that ({; 1) = & for Fr,-a~!. Thus, if k € Z/6Z is such that Fr,,-a* € g~ Gg, then first we
can assume that k is even, multiplying by the automorphism [—1] if needed; then we may take

' to be ak/2, for then
Fr, = a*/*Fr, a/? = (a') "' (Fr, o*)(d') € §7'Gg.

This verifies the claim.
We now claim the following.

Proposition 7.2.1. Choose u as above. If U € Xg(F)) is not elliptic, then the family E;, —
Spf(Z,[[t]]) along with its implicit framing By and G-level structure |Gg|, identifies Spf(Z,|[t]])
with the infinitesimal neighborhood \U|[ of U. If U € X (F,) is elliptic, then ((E;u,Po),8) identifies
Spf(Z,[[t]]) with a finite cover of |U/|.

Proof. On |U|, choose a local coordinate #y; for example, 7 can be taken to be Z[1/N]-integral.

From the choice of u, the family E; , gives a map Spf(Z,[[t]]) — Xs. At all finite quo-
tients of Z,[[t]], the map Spec(Z,[[t]|/(p,t)") — X¢ is an infinitesimal thickening of the map
U: Spec(F,) — X, and thus factors through |U [= Spf(Z,|[to]]). Taking the colimit, we obtain a
map

Spf(Z,[[t]]) = Spf(Z,[[1o]]) =]V,

and also note that this map sits over Spf(Z,[[j — jo]]), so that there are maps to there from both the
source and the target. The map |U[— Spf(Z,[[j — jo]]) is induced by the map X; — X (1), and the
map Spf(Z,[[t]]) — Spf(Z,[[j — jo]]) is induced by our choice of ¢. In what follows, let R denote

Z,|[t]] for convenience. We have four cases:

o If jo # 0,1728, then Xg — X (1) is unramified under U, thus (j — jo)R = (f9)R. Since we

also identified ¢t with j — jo, it follows that the map Spf(R) —|U| is an isomorphism.
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* If jo =0 (resp. 1728), and U € X;(F,) is elliptic, then the map |U[— Spf(Z,[[j — jo]]) is

still an isomorphism, and of which Spf(R) sits above a 3-fold (resp. 2-fold) cover.
« If jo=0and U € X;(F)) is not elliptic, then we (j)R = (#3 )R, thus there exists u’ € Z, such
that j = u't3 + O(pt3,t3). On the other hand, we also have j = ur®, whence the equation

ur® = u't3 + O(pt3 ,13).

Remembering the map Spf(R) —]U]|, we see that 7 can also be written as a power series in
Z,/([t]]. Equating leading terms, this forces u/u’ to lie in Z;3; from this, we get an expression

of ¢ as a power series in terms of 7, and thus Spf(R) —|U][ is an isomorphism.
* The case when jo = 1728 and U € X(F)) is not elliptic plays similarly to the jo = 0
counterpart. In this case, we have
ut* = j— 1728 = u't5 + O(pt5,13)
and, by similar considerations, we see that u/ u' lies in Z %2, and then are able to write ¢ as a
power series in terms of 7y, thus confirming that Spf(R) —]U| is an isomorphism here too.

]

7.3 Digression: modular polynomials

In this subsection we will recall some properties surrounding modular polynomials, in
preparation for a more explicit description for X(Q,); on each residue disk. We recall that the
j-invariant identifies X (1) with P, Define }» and ¥; to be functions satisfying }/g = jand }/32 =j—
1728; then 7 identifies X,f(3) with P! and y; identifies X,5(2) with P!. The modular polynomials

®,(X,Y), ®F(X,Y) and @ (X,Y) are given by the graphs of the Hecke correspondence T}, for the
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respective groups X (1), X, (3) and X,,;(2), with respect to the respective parameters j, 1> and 7,
normalized so that the coefficient of X?*! in each polynomial is 1. These modular polynomials
are all symmetric in X and Y (so for instance ®,(X,Y) = ®,(¥,X)), and modulo p the modular
polynomials all reduce to (X —Y?)(X? —Y) (that this occurs is a consequence of the Eichler-Shimura

relation). We briefly describe how to compute the modular polynomials in question.

* The modular polynomial ®,, is taken from Andrew Sutherland’s website; see [33] for more

details.

« The modular polynomial ®}(X,Y) is a factor of ®,(X3,¥?), and below we claim that it can
be identified as the smaller of the two irreducible factors of @, (X3,¥3). Indeed, if ®}*(X,Y)
is a factor, then @ (X, §3Y) and ®J? (X, {3Y ) are also factors. These three factors are pairwise
relatively prime to each other; this is because @, (X 3.Y3) permutes the fibers above the pair

(j(1),j(pT)) (or at least generically so). Thus,
P, (X7,Y?) = @R (X, V)PP (X, LY )PP (X, G3Y),

and the product of the latter two factors form an irreducible polynomial over Z[X,Y], of

whose degree is obviously larger than that of @ (X,Y).

« The modular polynomial ®% (X,Y) is a factor of ®,(X?+ 1728,¥2 + 1728); similar to the

case of P, it follows that we have a factorization
D, (X +1728,Y7 +1728) = DB (X,Y)DB(X, V).

The factor ®% (X,Y) can be identified as the unique factor such that the coefficient a,, , of
XPYP reduces to —1 modulo p (by the Eichler-Shimura relation); for the other factor, its

coefficient of XPY” is —a,, p.
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Lemma 7.3.1. For any of the parameterst = j— jo, V>, 73, the polynomial CID; (0,1) is a degree p+ 1

polynomial in t whose roots all have p-adic valuation bounded below by 1/(p+1).

Proof. By Eichler-Shimura, the polynomial reduces mod p to t”*!. Thus the Newton polygon of

the polynomial has slope at least 1 /(p + 1); the claim follows. O

7.4 The Chabauty-Coleman locus on a residue disk

Recall that by Theorem 3.0.1 and by Theorem 4.4.2, the set X(Q,); breaks up into a
disjoint union of X(Q,); jy( for each U € X(F,), and that X (Qp), )y is precisely the simultaneous

vanishing loci of

[ xstwa= % [*Ks((p+1-7, o)

as f ranges through invertible Makdisi symbols on G, and where the ; are the images of t =0

under (7, ).

Notation 7.4.1. If P(X) = Y¢_, c; X* is a degree d polynomial, let e;(P) denote the k-th symmetric

sum of the roots of P(X), and let p;(P) denote the k-th power sum of the roots of P(X).

Combining Theorem 3.0.1 with our descriptions of residue disks |U| and uniformizing

parameters t = ty7, as well as Theorem 4.4.2, we obtain the following:

Theorem 7.4.2. Let U € Y (F),) denote a residue disk U], and choose as uniformizing parameter t
as per the rule above. Choose a basis {Makg(h;) }ic.s of S2(XG)k=0, and let By, be the matrix
whose rows are indexed by ., and such row i contains the infinite, 0-indexed list of coefficients
for KS(Makg(h;))(t) € Z,][t]]. By abuse of notation, let T, denote the matrix of the Hecke op-
erator acting on the basis {Makg(h;) }ic.s of S2(X6)ri=0- Let Mupsiger be the diagonal matrix

diag(1,1/2,1/3,...), let vy ; be the column vector whose transpose v' is

(pl(q)tp(ovt)>7p2(¢;(07t))7p3(¢;7(07t))7 e )a
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and let X be the column vector whose transpose X' is (x,xz,x3, ...). Then

X(Qp)l,]U[ = {x € pr: BU,t 'Mantider'x_ (p+ 1- Tp)_l 'BU.,t 'Mantider'v = 0} )

noting that the second term is a column vector of “constant terms”, while the first term gives the

rest of the terms of the power series.

We note that the quantities pk(CID;g(O, 1)), as k varies, can be computed efficiently by using

Newton-Girard formulae:

Proposition 7.4.3 (Newton-Girard formulae). If P(X) = Y¢_, ciX* is a degree d polynomial, let
ej:=e;(P) and p; := p;(P) denote the same elementary symmetric and power sums as before.

Then the following hold:
* We have e;, = (—l)kc‘i—;kfor 0<k<d
* We have
(=D ke + X5 (-1 Hepipi 1<k <d

Pk =
Zf;klid(—l)k_l_‘—iekflpi k>d.
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Chapter 8

Power series on every residue disk

In the previous section, we have set up tiny Coleman integrals for the Chabauty-Coleman
locus on every relevant residue disk of consideration. In this section, we will explain how to compute
the power series expansion of a holomorphic differential attached to an invertible Makdisi symbol
with respect to a uniformizing parameter ¢. Specifically, our goal is to compute the power series
expansion for (KS oMakg)(7y) “at” a residue disk attached to the mod p point ((E, Bo), [Ghug]).
We will do this by evaluating (KS o Makg)(y) “at” suitable points t”*! = oy p, ..., acp, where
C is the desired p-adic precision, and then Lagrange interpolating to obtain a degree C-(p+ 1)
polynomial in ¢ that constitutes our approximation to the power series. (The reason why we use
Pt instead of ¢t will become apparent later on; in a nutshell, this is to compensate for the fact that
the roots of the modular polynomial have small p-valuation. See Subsection 8.4 and Subsection 8.5

for more details on this.) In particular, we note the following:

8.1 The differential

Recall that the Kodaira-Spencer map gives

KS(f) :f%q = f-2midT.
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Our first aim 1s to express 27id T as a polynomial differential in terms of ¢, for whatever 7 is chosen.

To prepare ourselves, here are some facts about differentials.
Proposition 8.1.1. We have ﬁ% = —%{.

Proof. See [50]. L]

Proposition 8.1.2. Suppose (E,®) = (y> = x> +ax+b,dx/(2y)). Then we have

Proof. This follows from the theory of the Weierstrass g-function. O

Let ¢ be the local uniformizing parameter, and let the equation for our universal elliptic
curve over |U[ be given by y> = x> 4 a(t)x 4 b(t). (A Weierstrass equation always comes equipped

with the invariant differential dx/(2y).) Then

-dT o -j/(t) _ ../ —E.
271715 = 27rzj/(T> =2mij(t)- W:J_
B0 2ma() /()
T B 9 bl )
o a)
=G S
thus
£\ a0
(K5) (<2m>2) = 1sb(0)
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In particular, recalling our definitions of ¢, a(¢) and b(t):

we readily obtain:

(

ut> +1728  jo=1728

3

ut Jjo=20

Jjo+t otherwise
\

(

(—27u(ut> +1728), 54u’t (ut*> + 1728))

(—27ut (ut® — 1728), 54u(ut® — 1728)?)

\

.
f(t)at
18(ur2+1728)

f
= f(o)de
(KS) ((Zm')z) T 12(ur’—1728)

f(1)dt
36(t+jo) (t+jo—1728)

\

8.1.3 Elliptic points and changing uniformizers

(27(1 4 jo)(r + jo — 1728),54(1 + jo) (1 + jo — 1728)?)

Jo=1728
Jjo=0
otherwise,

8.1

Sometimes U will be an elliptic point, in which case KS(f) will enjoy a power series

expansion in Z,[[j — jo]|dj. We illustrate these cases as follows.

* If jo = 1728, then we had set j = ur> + 1728, thus

ag+ay(j—1728) +ax(j —1728)* 4 --- dj = 2u(aot + ajut® + ayu®t® + - - ) dt.

e If jo =0, then we had set j = ut3, thus

ag+aj+arj? +---dj = 3ulagt* + ajut® + anPe® + - dr.
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8.2 Sampling elliptic curves in characteristic zero

Let C be our desired p-adic precision. We are to consider the universal elliptic curve E; ,,
evaluated at each of the points t”T! = a;p, 0up, . .., acp. From now on, fix such a 1. (So r will
live in a ramified extension of Q,, of degree p + 1.) With our framing y = [4] of E, we choose
random lifts (X4,74) of A and (¥p,¥p) of B, both to characteristic zero, and then iterate for each of

these lifts the process

()C,y) = (DF)(X,y>_] ’ F()C,y),
where DF denotes the matrix derivative of the vector-valued function F, and where F is given by

2 _x3—a(t)x—
F(x,y):= |’ ‘I’N(():,)y) b(’)].

(Here, Wy is the N-division polynomial, to be introduced shortly.) Essentially, what we are doing
here is performing a p-adic version of Newton or Hensel iteration; from the coordinates of the
function F, and in particular because E[N] is an etale group scheme in characteristic p for p{ N,
the process will converge to the unique point on y? = x> +a(t)x + b(t) that is an N-division point
and that lifts the framing [g} . This process also explains why we were allowed to be vague about
our choice of framing for deformations of our elliptic curve E; it turns out that the framing on the
special fiber determines the framing everywhere on |U|.
Here are the equations for everything we need to compute here. We have

—3x2-A 2
(DF)(X,)’) - [ (Pn)x ("I"I\yl)v}
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The division polynomials Wy (x,y) are given by the recurrence

lPO('xLY) =0
\Pl(xhy) =1
Wo(x,y) =2y

W3 (x,y) = 3x* + 6Ax> + 12Bx — A?
Wy(x,y) = 4y(x® + 5Ax* +20Bx> — 5A%x* — 4ABx — 8B* — A?)

¥,
lP2m(x7y) = 2;

(P2 ¥ | = P2 1)

Pomi1(6,y) =P 2¥ — Y 1501
Hence, (V¥n)(x,y) = ((¥~)x, (¥N)y) is given by

V¥ = V¥ = (0,0)

V¥, = (0,2)

V¥; = (12y%,0)

VW, = (4y(124x° +36Bx* — 4A%x — 44y +2x¥3), W4 /y)
¥, ¥

V¥, = (V‘Pm)\y— + 2—;1((V‘Pm+2)‘1’72,171 + 2V )21 — (V¥2)¥s
m

- z(vq’m+l)lpm72qlm+l) - <07q)2m/y>

V11 = (V0i2) ¥, + 39, 0W2 (V) — (Ve ), — 3, 1 W2 (VWi1)-

8.3 Computing “Eisenstein tables”

Now suppose we have an elliptic curve E, differential @ and framing By = [4], with
W =(E,0,By) = (y> =x>+Ax+B,dx/(2y), [5} ). We will now compute, for each (a,b) € Z(N)?

of exact order N, the weights 1 and 2 Eisenstein series E((a,b)/y;#') and Ex((a,b) n; 7). We

75



have optimized this process to the best extent possible, using the Frobenius action as well as
double-and-add sequences. We explain the process below.

First, we recall some formulas. If P and Q are points of E, then we have the slope function

¥(Q)—y(P) P ?é Q
(p0) = {10
xX(P)*+
wry P=0

We recall the addition formula:

(x(P+0Q),y(P+Q)) = (A(P.Q)* —x(P) = x(Q), A(P.Q) - (x(P) = x(P+Q)) — ¥(P)).

Now we have the following moduli interpretation of E; and E;, thanks to the work of
Khuri-Makdisi in [40, Section 3] and further developed by Mascot in [49, Section 4]: for all row

vectors v,w € Z(N)?, we have

Ex(vins W) — E2(0; ) = x(Bo(v))

Exvns W) +Ex(wins W) = Ef(V+w) v #) = A(Bo(v), Bo(w)).

We loop over representatives of the double coset space Ko(N)\GL2(N)/ (Frp). If [ j] is a
representative for such a double coset, then start by computing P := (a,b)Bo = aA+bB. Letr € Z~
be the smallest positive integer such that (a,b) Fr, is a scalar multiple of (a,b) (i.e. Fr}, fixes the
line generated by P), and let A € Z(N)* be such that (a,b) Fr;, = (Aa,Ab). Choose representatives
{ai,...,a,} for the quotient group Z(N)*/(A), with the provision that A must be used as the
representative for the identity coset. As per [1, Algorithm 4.8, page 16], we may create an addition
sequence . (ay,...,a,) that contains all ;.

We will now explain how to efficiently compute weight 1 Eisenstein series. Fix a row vector
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v € Z(N)* of exact order N, and define quantities cy,...,cy— by

cm = Er(mv s W) —m-E1(v/n; V).

Then, we have the following statements about ¢ in relation to computing Eisenstein series.

Proposition 8.3.1. The following identities hold:

C1:0.

Cmin = Cm+Cn+ A (mBO (v),nﬁo(v)).

CN—
E\(vni#) ===
m
El(mv/N;V/) =Cm—NCN_1.

Cmu = Fr;(cm) +m-cy.
Proof. The first four statements can be derived from the characterization given earlier:

E\(vns W) +Ei(wni W) = Ex((v+w) s #) — A(Bo(v), Bo(w))-
For the last statement, we note that

Cmu — M- Cy = Ey(muv ;W) —mE (uv N3 W) = Fr,(cm)

where the last equality holds because the automorphism Fr), acts on all coordinates in sight by
Frobenius, and hence acts on all slopes by Frobenius, and hence on the cy,. [

Now the algorithm to compute E1((a,b)/y;#) and Ez((a,b) y;#') for all (a,b) € Z(N)?

of exact order N proceeds as follows.

« Loop over representatives [} ;] of Ko(N)\GL2(N)/ (Frp).
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* For such a representative, let v := (a,b), let P := By(v) = avi +bv,, and let r,u € Z(N)* be

as above.

* Use the double-and-add sequence .(ay, . ..,an) to compute Ez(a;v/n;#") = x(Bo(a;v)) for
i=1,...,n. In the process of doing this, we are also computing slopes, and use that informa-

tion to also compute ¢y, ...,c,, along the way.

* Act via Fr), to obtain c1,...,cy—1 as well as Ex(v/n; #), ..., E2(N = 1)v s ).

r—1

* Act via Fry,,... . Fr)

to obtain the values of E| and E, for all other points in the lines

contained in the orbit of the Frobenius Fr), acting on the line (v).

After we are done with this, we use Equation (8.1), Theorem 5.2.1, Theorem 5.2.2 and Theorem 5.1.1
to compute the holomorphic differential KS(Makg(7y); #') as some scalar times dt, where % is the
datum as the parameter ¢ ranges along t”*! = q,..., 0cp. What to do after this will be covered in

the next section.

8.4 Lagrange interpolation

We claim that a nice choice of sampling points is given by P! = a; jp, for a; j given by the

formula

aij =G, (14 pj)

and where the tuple (i, j) runs over Z/(p— 1)Z x {0, 1,...,C — 1}; using these samples, we can run
a combination of fast Fourier transform and Lagrange interpolation in order to recover the power

series. We first recall the explicit form of the Chinese remainder theorem.

Proposition 8.4.1 (Chinese remainder theorem). Let R be a principal ideal domain, and let

(P1),...,(Py) be pairwise coprime principal ideals of R with product P :=T]"_, P.. Suppose f € R
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satisfies f = f; mod P, for each 1 <i < n. Then we have

(HP) [HPJ-L1 (mod P),

J# J#i

|||
n-M=
I

i

1

where the notation [x];i means to take any lift of the multiplicative inverse of x modulo P,.

Now recall our situation. We are computing a power series F(r) € Z,[[t]] by computing
Fj:= F(modt’*! — g, ;p) as the tuple (i, j) runs over Z/(p — 1)Z x {0,1,...,C — 1}, and where
a; = C;;_l (1+pj). Forafixed j € {0,1,...,C— 1}, it then follows that F (1) modulo Pl (14

pj)P~1pP~1, which we will denote as Fj(t), is given by

ZF,, (H (P = (1 p)P) [ (Gpmt = e )(1+p1)p)>

k#i
—[(1+pj)p)! 1) i _
_Z e a (Evr i A R L
.
=p(p—1)(pj+1 -1 Fl'7'l 1+l— ;
= ) ,_Zo i b1 (L+pj)p [p 1(I+pj)p

p—2 )
= Z ( N+ pppl VY E,j(r>€,?—’"1> (s
0

Therefore, we learn that for each j € {0,1,...,C — 1}, the polynomial Fj(¢) can be computed by
using fast Fourier techniques on each of the F; ;’s to compute the expressions above.
Now our situation is that for each j € {0,1,...,C — 1}, we have F(t) = F;(t) mod T

(14 pj)P~1pP~1; this can be done by using Lagrange interpolation techniques.

8.5 Precision analysis of Lagrange interpolation

We now ascertain the precision of the polynomial obtained from Lagrange interpolation.

Suppose F(t) = F;(t)(modt”*! — o;p) for i ranging in an index set .# of size C-(p — 1), and
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such that {@;};c» is a subset of Z, containing C elements congruent to e mod p for each e €
{1,...,p— 1}. The main theorem is 8.5.3, which gives the error of F () versus the polynomial F(¢)
obtained by Lagrange interpolation.

Lagrange interpolation gives F(¢), which is F(t) modulo [];cs (t"*! — a;p); namely, this

will be

i pClr=1-1 [Tx(e—a)) &

| o -1 p+1
y HOIAET = 05p) <H<af—°‘f>> (H (t__aj)>'

Lemma 8.5.1. We have v, (Hjel_{i}(oc,- —aj)) < LC (1 + ﬁ) — 1J.

Proof. Because the condition that {@;};c » has C elements in each nonzero mod p residue class,

we get an upper bound for the left hand side given by

cre{[5) (519

and now summing up by geometric series and using the fact that v,(Z,) € Z, we obtain the

result. ]

Corollary 8.5.2. Suppose each F;(t) has been computed to be a polynomial of degree at most p and

such that each term has been computed to precision O(p€P=1)). Then, the precision of [t~ '|F (1) is

e felrr )] [l

Proof. We plug in the results of the lemma into the formula for F(¢); we also see that the terms of

at least O(p"), where

the form x** /p — ; force the precision to go down by one digit every p + 1 terms. Combining

this with the base precision of F;(z), we obtain the corollary. O

Theorem 8.5.3. Suppose each F;(t) has been computed to be a polynomial of degree at most p and

such that each term has been computed to precision O( pc(p ’1)). Then Lagrange interpolation gives
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an approximation F (t) of F(t) such that, for tinpZ,, the p-adic valuation of the error (F —F)(t) is

at least

min (C(p —1)+ zﬁ —log,(C(p* — 1) +1), [c (p —2- Lﬂ +2— |log,(C(p*— 1))J> :

p—1

Proof. By Theorem 7.4.2, the constant term for each power series cutting out X (Q,); has constant
term given by Y2 | %=t p(®),(0,7)). Lagrange interpolation will give ):,(f; ﬁl)'#] L p(@4,(0,1)).

By Corollary 8.5.2, the coefficient c;_ is determined with precision

clr=r5m) e[l

while by Lemma 7.3.1, the valuation of k! pi(®),(0,1)) is at least

[Lw ~tog, (K)].

p+1

Adding these two quantities gives that the roundoff error is given by the second term in the claimed
valuation error.
Now let us turn to the truncation error; the valuation for each term after (p+ 1) - #.#-th term

is at least
#7-(p+1)+1
p+1

—log,(#7 - (p+1)+1)

which is again true by Lemma 7.3.1. Since #.# = C(p — 1), this means the truncation error is
precisely the first term in the claimed valuation error.

This completes the proof. 0
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8.6 Root finding mod p”

With the power series of the holomorphic differentials computed, we now apply Theo-
rem 7.4.2 and Proposition 7.4.3 to find the suitable “constant term” of the power series given by
antidifferentiation of the holomorphic differentials; it is then only a matter of finding the common
zero locus of these power series to find X(Q,)1. In this section we will detail an algorithm to
obtain the roots of a polynomial P(t) € (Z/p"Z)]t]. After this is done, we could apply the Magma
command PowerRelation(r,d) for each root r to test for candidate minimal polynomials of small
degree and height, if we believe that X(Q),); ought to consist of algebraic p-adic points.

Please note that, although Corollary 8.5.2 tells us that the precision to which we know a
power series F'(¢) is decreasing to O after a finite number of terms, we are only interested in solutions
to F(t) =0 fort € pZ,, and thus, we will instead compute the roots of F(pt); then, Theorem 8.5.3

tells us that we have computed all terms of F(pt) up to a certain precision.

Notation 8.6.1. For P(t) = ag+ait + - +agt? € (Z/p"Z)[t], let v,(P) := maxo<i<qvp(a;). If

vp(P) = m, then let P(t)""™ € (Z/p" "™Z)[t] denote P(t)/p™.

The algorithm goes as follows. We will loop through elements of a list S, making modifi-
cations until it is empty. Start with S := [(0,0,P(¢),n)] and Z = {}. We will now loop over the

following.

In each transversal of this loop, we will iterate over S.

* First, create a new list §' := [|. Now do the following for each element (a,b, f(t),r) of S.

If v,(f) = m, then replace (a,b, f(t),r) with (a,b, f(¢)/p",r —m).

If r = 0, then remove (a, b, f(t),r) from S and add a + O(p”) to the set Z.

If r = 1, then for each root & € F, of f(¢) € F,[t], add a+ ap® + O(pP*!) to the set Z.
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o If r > 2, then, for each root & € F, of the reduction f(¢) € F|[t], choose any lift @ € Z/p"Z

of &.
1. If f(a¢) # 0(mod p), then perform Newton iteration by applying to o the map x —
— f(x)/f(x) until a fixed point o is reached. Add a+ op® +O(p"*") to the set Z.

2. If f'(a) = 0(mod p) but (o) # 0( mod p?), then discard & from consideration.
3. If /() = 0(mod p) and f(cr) = 0(mod p?), then for each 0 < k < p, add the element

{a+ap®+kp" b+2,P(a+kp+1p*),r) to the list .

o After all elements of S have been iterated over: replace S with S’ if §’ is not empty and loop

again, or if § is empty then output Z.
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